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A REPRESENTATION-VALUED RELATIVE RIEMANN-HURWITZ
THEOREM AND THE HURWITZ-HODGE BUNDLE

TYLER J. JARVIS AND TAKASHI KIMURA

ABSTRACT. We provide a formula describing the G-module structure of the Hurwitz-Hodge
bundle for admissible G-covers in terms of the Hodge bundle of the base curve, and more
generally, for describing the G-module structure of the push-forward to the base of any sheaf
on a family of admissible G-covers. This formula can be interpreted as a representation-ring-
valued relative Riemann-Hurwitz formula for families of admissible G-covers.
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1. INTRODUCTION

Much of the motivation for this paper arises from the classical Riemann-Hurwitz Theorem,
which we now briefly recall.

Let T : E —— C be a surjective morphism between smooth projective curves (or compact
Riemann surfaces), where E has genus § and C has genus g. Of particular interest to us is the
case where E has N connected components and C' is connected. The Riemann-Hurwitz formula
is

§=N+(g—1)deg(7) + 57, (1)
where deg(7) is the degree of the map 7 and ST is defined by

7o r(q) =1
STi=y ——
qeE
where r(q) is the ramification index of ¢. This formula is important because it relates the global
quantities §, g, N, and deg(7) to each other through S7, which is the sum of local quantities.
The Riemann-Hurwitz formula has a particularly simple form when the smooth complex curve
E has an action of a finite group G such that every nontrivial element of G has a finite fixed point

set and E —— (' is the quotient map where C' is a smooth, connected curve of genus g.

Let {p1,...,pn} C C be the branch points of 7. The restriction of the curve E to C' —
{p1,...,pn } has a free G action, i.e., the restriction is a principal G-bundle over C—{ p1,...,pn }.
It will be convenient to choose, for all j € {1,...,n}, points p; in 7~ '(p;). This gives a pair
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(E;D1y- -+, Pn) SN (C;p1,...,pn), called a smooth, pointed, admissible G-cover of genus g with
n marked points. The isotropy group of the point p; is a cyclic group (m;) of order r;, where the
generator my; acts on the tangent space T, E/ by multiplication by exp(2mi/r;). Since 7 1(p;) is

isomorphic to G/(m;) as a G-set, we have ST =" | @% Furthermore, if Gy is a subgroup
of G fixing a connected component of E, then N is the order of the set of cosets G/Gy. Therefore,

the Riemann-Hurwitz formula in this case can be written

_ |G "
§= 1S (g DIC+ Y S 2
|Gol P
where, for alli=1,...,n,
|G| 1
s = — (1 ——].
Sm= 5 (1- 1 Q

There should be a generalization of the Riemann-Hurwitz formula, Equation (), to families

of curves & — ¢ —» T, where each fiber & has genus g and N connected components, and
the fiber %; is a connected, genus-g curve for all ¢ in 7. That is, we would like an equation in the
K-theory of T which, after taking the (virtual) rank, yields Equation (). Although the answer
is not known in general, we provide a complete answer in this paper for the case where E forms
an admissible G-cover for a finite group G.

We prove a generalization of Equation (2] for flat, projective families of pointed admissible G-

covers & —— ¢ — T, which may also include curves and covers with nodal singularities. Our
generalization of the Riemann-Hurwitz formula (given in Equation (I07)) takes values in Rep(G),
the representation ring of GG. Since any such family of curves is the pull-back of the universal

family of G-curves from the moduli space ]gn of pointed admissible G-covers, we need only
prove the Rep(G)-valued Riemann-Hurwitz formula for the universal family of G-covers when the
base is T' = ]in'

Every term in Equation (2)) has a counterpart in our Rep(G)-valued Riemann-Hurwitz formula.
The term § corresponds to Rlm,Og (the dual Hurwitz-Hodge bundle), while the term g corre-
sponds to R'T,0g (the dual Hodge bundle), and for all i € {1,...,n} the S,,, term corresponds
to an element .7, in K-theory, constructed from the tautological line bundles associated to the
i-th marked point of E. In other words, the Rep(G)-valued Riemann-Hurwitz formula expresses

the dual Hurwitz-Hodge bundle in terms of other tautological K-theory classes on ]in'

Our generalized Riemann-Hurwitz formula (Equation (I0T)) has several interesting and useful
consequences. Among other things, it allows one to explicitly describe, without reference to the
universal G-cover, the virtual class for orbifold Gromov-Witten invariants for global quotients
in degree zero. It also yields a new differential equation which computes arbitrary descendant
Hurwitz-Hodge integrals. These applications will be explored elsewhere [JK09.

We note that Tseng [Ts] has also obtained a differential equation which can be used to calculate
descendant potential functions of Hurwitz-Hodge integrals. However, he works directly in the
Chow ring, while our differential equation is a consequence of our Rep(G)-valued relative Riemann-
Hurwitz formula, which lives in equivariant K-theory. It would be very interesting to make explicit
the relationship between his results and ours.

Relation to the results of [JKKO7]. The paper [JKKO07] gives a simple formula for the ob-
struction bundle of stringy cohomology and K-theory of a complex manifold X with an action of
a finite group G. That formula allows one to completely describe the stringy cohomology of X in
a manner which does not involve any complex curves or G-covers. It also yields a simple formula
for the obstruction bundle of Chen-Ruan orbifold cohomology of an arbitrary Deligne-Mumford
stack.
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One interpretation of the present result is as a generalization of the results of [JKKOT7] to stringy
(or orbifold) Gromov-Witten theory. That is, the results of [JKKO7] are essentially limited to the
case of genus zero with three marked points, while the results of this paper are for general families
of arbitrary genus and arbitrary numbers of marked points. Applications and details of how this
can be applied to orbifold Gromov-Witten invariants are developed in [JKQ9].

Overview of background and results. We now describe the background and results of this
paper in more detail.
The moduli space .# , of stable curves of genus g with n marked points is endowed with

tautological vector bundles arising from the universal curve % . %g,n and its universal

sections %g,n ~— 2+ ¢, where i = 1,...,n. Pulling back the relative dualizing sheaf w of 7
by a tautological section yields a line bundle .Z; = 7w on ]g,n whose fiber over a stable curve
(C;p1,---,pn) is the cotangent line T C. Tts first Chern class is the tautological class ¥; := ¢1(%;)
for all i = 1,...,n. The Hodge bundle E := 7w is a rank-g vector bundle over .# ;. ,, whose dual
bundle is isomorphic to Z := R'%,04 by Serre duality. The Chern classes of the Hodge bundle
give tautological classes \; 1= ¢;(E) for j =0,...,g.

For any finite group G, there is a natural generalization of the moduli space of stable curves
]g,n; namely the space ]in of pointed admissible G-covers of genus g with n marked points. A
pointed admissible G-cover is a morphism (E; p1,...,pn) —> (C;p1,...,pn), where (C;p1,...,pp)
is an n-pointed stable curve of genus g together with an admissible G-cover E, and for each
1€ {1,...,n} p; is a choice of one point in the fiber over p;. Since the pointed curve (C;p1,...,pn)
can be recovered from (E;p,...,pn) by taking the quotient by G, we will sometimes denote the

pointed G-cover by just (E;p1,...,pn). Basic properties of the stack ]i
of genus g with n marked points are described in [JKKO05]. ‘
An (unpointed) admissible G-cover consists of the same data except that one forgets the
marked points p1,...,p, on E while retaining the marked points pi,...,p, on C. The stack
of (unpointed) admissible G-covers of genus-g curves with n marked points is equivalent [ACV]
to the stack .#,,,(%G) of stable maps into the stack G, where G = [pt/G] is the quotient
stack of a single point modulo the trivial action of G. For any G, there are forgetful morphisms

» of pointed G-covers

—a — — ~ -
My, . M g0 (BG) = M 4.n, Where the first morphism forgets the marked points p1,...,pn
on the G-cover E, while the second forgets the G-cover E. When G is the trivial group, then
both of these morphisms are isomorphisms.
- ~ ~ —G .
Consider the universal G-cover & ——» M , ., whose fiber over a point [E,p1,...,pn] € A, is
the G-cover F itself. The projection 7 is G-equivariant, where & inherits a tautological G-action,

and where the action on .# _ _ is trivial. The universal section o; associated to the i-th marked

g,n
point on the G-cover yields a tautological line bundle .%; := o*w, for all ¢ = 1,...,n, where
wy is the relative dualizing sheaf of 7. That is, .%; is the line bundle on ]in whose fiber over

(E;p1,...,pn) is the cotangent line T3 E. Similarly, let Z be the G-equivariant vector bundle
R'7,0g on %;n whose fiber over a point (E;p1, ..., D) is the G-module H!(E, OF), where O
is the structure sheaf of E. % has rank equal to the genus g of the (possibly disconnected) curve
E. We will call the G-equivariant dual bundle E := MWy ON %fn the Hurwitz-Hodge bundle.

When G is the trivial group, then j; @, and E reduce to %, Z, and E, respectively.

The tautological classes are obtained by taking Chern classes of these bundles. The main
point of this paper is that the G-equivariant K-theory class of the Hurwitz-Hodge bundle % (or
E) admits an explicit description in terms of the usual Hodge bundle Z (or E) obtained from
the universal curve (rather than the universal G-cover) and the tautological line bundles Z; for
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all i € {1,...,n}. This formula admits an interpretation as a Rep(G)-valued Riemann-Hurwitz
formula for families. Because the Chern class of a vector bundle only depends upon its class in
K-theory, this means that all the tautological classes can be written explicitly as pullbacks, by

—G — . .
the forget@ map A, , — M gn, of the tautological classes ¢; and A; from the moduli space
of curves .# 4. In other words, one can remove all references to the universal G-cover from the
computation of the Chern character of Z.
More precisely, endowing .# , ,, with a trivial G—actlonﬂ we can “factorize” the G-equivariant

K-theory K¢ (]gm) of coherent sheaves on ]in

theoretic part, i.e., there is an algebra isomorphism

into a geometric part and a representation-

®: Ko(y,) — K(Ay,) @ Rep(G),

where K (]Sn) is the Grothendieck group of coherent sheaves on ]Sn and Rep(G) is the

representation ring of G. This is because a G-equivariant sheaf over a base with a trivial G-action
has a fiber-preserving G-action and, hence, an associated representation of G.

In the special case of ¢ = 0 and n = 3, the stack ]06:3 is zero dimensional, and so the
G-equivariant K-theory of each connected component is isomorphic to Rep(G). In [JKKOT,
Lm 8.5] and (independently) in [Kal] there is a formula which gives a simple expression for the
representation @(@) solely in terms of the monodromies at the marked points p;. The main result
of this paper is a generalization of that formula to all genera and to any number of marked points.

Main Results. We provide an explicit formula describing the G-equivariant structure of the
K-theoretic push-forward of an arbitrary G-equivariant sheaf from a family of pointed, admissible
G-covers to the base of the family. That is, for all finite groups G, for all genera g > 0, and
for all n > 0 such that 2g — 2+ n > 0, we give an explicit formula (Equation ({I00)) for the

push-forward ®(Rm..F) € K(]gn) ® Rep(G) of any G-equivariant sheaf F € Kg(&). Here, as

—G . . . L
above, & . M, ,, is the universal pointed admissible G-cover.
As a corollary, we obtain a universal Rep(G)-valued relative Riemann-Hurwitz theorem, that

is, a simple, explicit formula (Equation (107)) for the dual Hurwitz-Hodge bundle (%) K(///jn)@)
Rep(G) in terms of the dual Hodge bundle % pulled back from ]g,n and the tautological line bun-
dles %, for all i € {1,...,n}.
The universal Rep(G)-valued relative Riemann-Hurwitz formula allows us to
o Write a Rep(G)-valued relative Riemann-Hurwitz formula for any pointed, flat, projective
family of admissible G-covers.
o Write down an explicit action of the automorphism group of G on the Rep(G)-valued
relative Riemann-Hurwitz formula.

—G RN
e Write the tautological classes on 4 , ,, in terms of tautological classes on M g.n. Moreover,
we can do this in a way that also tracks the action of the group G.
o Write Rep(G)-valued generalizations of Mumford’s identity.

Taking the rank of the Rep(G)-valued Riemann-Hurwitz formula, Equation (I0T), yields the
original Riemann-Hurwitz formula (Equation (2))) for admissible G-covers.

The idea behind the proof of the Main Theorem (£23) is to apply the Lefschetz-Riemann-
Roch Theorem, a localization theorem in G-equivariant K-theory, to the universal G-cover. This

. . . —G .
expresses the push-forward of any G-equivariant sheaf on the universal G-cover over .Z, , in

. . —G .. . .
“There is another G-action present on .# ,, as well, namely that arising from the action on the sections of

&. However, the trivial action will be more useful for our purposes and will be the action we use throughout this
paper unless otherwise specified.
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terms of the normal bundles to the fixed point loci which, for the universal G-cover, can only
occur at its punctures and nodes.

Structure of the paper. The structure of this paper is as follows. In Section 2, we recall some
facts from representation theory, equivariant K-theory and cohomology, and then prove a version
of the Lefschetz-Riemann-Roch theorem for stacks that we will need. In the third section, we

—G —_
review properties of the moduli spaces .# , ,, and .4 g.n(#BG), tautological bundles associated to
g, G
them, and the universal G-curve and the gluing morphisms on ., ,. We also establish some

basic properties of the dual Hurwitz-Hodge bundle # with respect to gluing and forgetting tails.
We also introduce its associated tautological classes. In the fourth section, we prove the Main
Theorem and the Rep(G)-valued Riemann-Hurwitz Theorem for families. As a corollary, we
prove a Rep(G)-valued version of Mumford’s Identity for the Hurwitz-Hodge bundle. In the fifth
section, we calculate the Rep(G)-valued Chern character of the dual Hurwitz-Hodge bundle Z on

]in' We then show that our Rep(G)-valued Chern character of % reduces, in a special case, to
a formula for the ordinary Chern character of the Hurwitz-Hodge bundle obtained by generalizing
Mumford’s calculation of the ordinary Chern character of the Hodge bundle on .# ,,.

Future directions for research. The Rep(G)-valued Riemann-Hurwitz formula allows one to
use the structure of the representation ring to obtain additional information about the structure
of its associated potential functions. We hope to treat these in a subsequent paper.

In this paper we have focused on developing formulas for global quotients. It is natural to try
extend these to general Deligne-Mumford stacks. We hope to treat this in a later paper. Related
to this, it would be very interesting to generalize our results to the case where G is a Lie group.

Finally, the Rep(G)-valued Riemann-Hurwitz Theorem, in nice cases, can be regarded as a
formula for a G-index theorem of the Dolbeault operator 9 for families of Riemann surfaces, i.e.,
as a relative holomorphic Lefschetz theorem. It would be interesting to generalize these results
to other differential operators.
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0605155) for their financial support and also the Recent Progress on the Moduli Space of Curves
Workshop at the Banff International Research Station for providing an opportunity to meet
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Pisa and the Geometry and Physics Program at the Hausdorff Research Institute for Mathematics
where much progress on an earlier version of this paper was made and the Institut des Hautes
Etudes Scientifiques where the current paper was completed. He is grateful to them for their
hospitality and financial support and for providing a stimulating atmosphere.

2. GROUPS, REPRESENTATIONS, EQUIVARIANT K-THEORY, AND LEFSCHETZ-RIEMANN-ROCH

2.1. Groups and Representations. In this section, we introduce some notation and terminol-
ogy associated to groups and their representations.

Throughout this paper G will denote a finite group. The number of elements in a set A will
be denoted by |A|. The order |m| of an element m in G is defined to be the order |(m)| of the
subgroup (m) generated by m. For every m in G, the centralizer Zg(m) of m in G is the subgroup
of elements in G which commute with m. Zg(m) contains the cyclic subgroup (m) as a normal
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subgroup. The set of conjugacy classes of G is denoted by G and for any element m € G we let
m € G denote the conjugacy class containing m. For all m in G, we have the useful identity

m| = |G|/|Za(m)|. (4)
Clearly, |m| and |Zg(m)| are independent of the choice of representative m in .

Let Rep(G;Z) denote the (virtual) representation ring of G, i.e., the Grothendieck group of
finite-dimensional complex representations of GG. Since every representation of G is uniquely de-
composable into the direct sum of irreducible representations, Rep(G; Z) is a free Z-module with a
basis given by the set Irrep(G) of irreducible representations of G. We denote the trivial irreducu-
ble representation of G by 1. The ring Rep(G;Z) also has a metric (a nondegenerate, symmetric
pairing) 7, where n(V, W) := dim¢ Homg(V, W). Furthermore, Irrep(G) is an orthonormal basis
with respect to 7. The regular representation C[G] of G is the group ring acted upon by left
multiplication and it satisfies the useful identity

ClG) =Y v, (5)
«
where the sum runs over all V,, € Irrep(G). In addition, Rep(G;Z) has an involution called
dualization, corresponding to taking any representation W of G and replacing it by its dual W*.
Dualization preserves the product and metric. Since dualization also preserves the set Irrep(G),
Equation (@) implies that C[G]* = C[G]. We will later need to work with Q coefficients, so we let
Rep(G) := Rep(G;Z) ®z Q and extend the product and metric Q-linearly.

A representation of G is determined, up to isomorphism, by its character, i.e., if ¢ : G — Aut(V)
is a G-module, then its character x(V') is the function defined by the trace x~(V) := Tr(¢(7))
for all v in G. The character x(V) is a class function, i.e., it is a function on G. Evaluating
at the identity element, we obtain x1(V) = dim V. In particular, the character of the regular
representation is

X+(C[G)) = |G|& (6)
for all v in G, since left multiplication by - acts without fixed points unless -y is the identity. The
character x can be linearly extended to Rep(G) to obtain a (virtual) character and every element
in Rep(G) is determined by its character.

If v : L —— @ is a group homomorphism, then there is an associated ring homomorphism
v* : Rep(G) —— Rep(L) given by pulling back by v. An important special case is when L is a
subgroup of G and v is an inclusion. The pullback of a G-module V via the inclusion map yields
an L-module called the restriction to L and is denoted by Resé V. We denote the induced ring
homomorphism by Resé : Rep(G) —— Rep(L). Conversely, an L-module W yields a G-module
Ind§ W, called the induced module, which is the tensor product of L-modules C[G] ®cir) W, where
L acts on C[G] by right multiplication. Induction yields a linear map Ind$ : Rep(L) — Rep(G).
Restriction and induction are adjoint via Frobenius reciprocity. Restriction obviously commutes
with dualization; therefore, by Frobenius reciprocity, induction commutes with dualization, as
well.

An important special case for our purposes is the cyclic group (m) generated by an element

m of order r := |m|. Let V,, denote the irreducible representation of (m), where m acts as
multiplication by ¢, := exp(—27i/r). For all integers k, let
V&k ifk>1
vk ={1 if k=0 (7)

(VE=F)yx if k< —1.

In other words, V%, is the irreducible representation of (m) where m acts by multiplication by
¢*. Thus, we have the identity

Irrep((m)) = { V};, 112 )
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and the isomorphism of algebras

Rep((m)) —2» Q[V,n]/ (V7, — 1), 9)

where Q[V,,,] is the polynomial ring on the variable V,,. Furthermore, Equation (@) in this case
reduces to

Clim)] = 3" VA, (10)
k=0

The canonical involution of groups o : (m) —— (m), taking a group element to its inverse,
induces a ring automorphism o* : Rep({(m)) —— Rep({m)). It takes

1 if k=0
ViF if 1<k <r—1.

o*VE =Vk | = { (11)

Therefore, we have
oo (bm = ¢m*1'
A useful identity intertwining the cyclic group and conjugation is

Ind(,, VE =ndf,, 1 VA

(ymy=1) ¥ aymy—? (12)
forall y,min Gand k=0,...,|m|—1.
There are several useful dimensions associated to elements of Rep(G). For all W in Rep(G),
the dimension d(W) is
d(W) :=x1 (W) = n(W, C[G)), (13)
where the second equality follows from Equation (Bl). Given, in addition, a group element m in
G, we define dp,,(W) in Q via

|m|—1
Res{ W =: Y dpi(W)V},. (14)
k=0
Frobenius reciprocity implies that for all k =0,...,|m| —1,
dmi (W) = 7(VE, Resf,y W) = n(Indf;,,, VE, W), (15)

where 7 is the metric on Rep((m)).

Finally, we will need some maps associated to taking G-invariants. There is a Q-linear map
Rep(G) — Rep(G) which associates to a G-module W, the submodule W& of G-invariant
vectors. This map commutes with induction, i.e.,

(Ind§ W)¢ = wt, (16)

and with dualization. The regular representation is respected by induction, i.e., for any subgroup
L of G,

md¥ C[L] = C[q]. (17)
This leads to a useful Q-linear map I¢ : Rep(G) — Rep(G); namely,
(W) =W - C[G] @ WC. (18)
Note that for any W € Rep(G) the G-invariants of I¢(W) vanish, as does I¢(C[G]):
()" =0 =19(C(C). (19)

and for any v € G, its trace is given by

X+ (W) ify#1

20
xi(W) = |GleWe  ify=1. (20)

xm%W»={
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Equations (I8) and (I7) imply that I also commutes with induction, i.e., for all W in Rep(L),
I¢(Ind§ W) = Ind¥ (I*W). (21)

Finally, I also commutes with dualization, since C[G] is self-dual and taking G-invariants com-
mutes with dualization.

2.2. Equivariant K-theory and cohomology. Let 2" be a variety or orbifold (DM-stack)

with the action of a finite group G. Let K(2") and K¢(2") denote the Grothendieck group (with

Q coefficients) of coherent sheaves and G-equivariant coherent sheaves on 2", respectively.
Suppose that G acts trivially on 2. In this case, there is an algebra isomorphism

b: Kg(2) — K(Z2)®Rep(Q), (22)
since the G-action on an equivariant vector bundle acts linearly on each fiber.

Definition 2.1. Let x : Rep(G) —— C denote the homomorphism which sends each represen-
tation to its character at v. We will abuse notation and also write ., to denote the map

id®xy : K(Z") ® Rep(G) — K(Z2") ® C.

Remark 2.2. The composition x 0 ® : Kg(%£) — K(Z") ® C plays an important role in the
Lefschetz-Riemann-Roch Theorem, which is a fundamental tool in this paper.
Note that x o ® takes a G-equivariant bundle E to the eigenbundle decomposition

ERSY B @
¢

where the sum runs over all eigenvalues ¢ of v and E, ¢ is the eigenbundle of £ where v acts with
eigenvalue (.

In particular, xy; 0 ® : Kg(2') — K(Z') is just the map which forgets the G-equivariant
structure of the elements of Kq(Z').

Definition 2.3. If v is an element of a finite group G, and if 2 has a G-action, then we can
define a morphism

ly:=xyo0Pores: Kiy(Z) — K(2Z7)®C
as the composition of x., o ® with the obvious restriction res : K,,(2") — Ky(Z7).
We can also compose £, with the morphism that forgets the G-equivariant structure and only

retains the (7y)-equivariant structure, that is, ¢, o Resg>. When there is no danger of confusion,
we denote this composition by £, as well:

0, Ka(Z) — K(27) & C.

Definition 2.4. Let ch : K(2) —— A®*(Z") denote the Chern character homomorphism.
Let ch : Kg(Z') — A*(Z") ® Rep(G) denote the Rep(G)-valued Chern character (algebra)
homomorphism (ch ® idgrep(e)) © ®. For all j > 0, let ch; : K(2) —— A/(2") denote the
projection of ch onto A7(2") and, similarly, for ch; : Kg(2") — A7(2) ® Rep(G).

Remark 2.5. The map & commutes with push-forwards, in the sense that ® o f, = (f. ®
idgep(qy) © @ for any morphism f: 2" —— % between orbifolds with a trivial G' action.

Given ¢ € Kq(2), if we write ®(¥) = > scppep(c) 93 © B, then we see that for any repre-
sentable morphism f : Z° —— % the G-equivariant form of the Grothendieck-Riemann-Roch
Theorem is

ch(f.4) = folch(@5)TA(Ty)) @ B = (f+ @ idnep()) (ch(#)(Td(Ty) @ 1)).
B
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Since Ty is G-invariant, we have ®(Ty) = Ty ® 1, so if we write f, := (fs ® idgep(g)) and
td(Ty) := (Td®idgep()) o ®(T), then the G-equivariant Grothendieck-Riemann-Roch Theorem
can be written as

ch(f.9) = f+(ch(#)td(Ty)). (23)

Of course, if f is not representable, there will be additional correction terms to the GRR formula,
as described, for example, in [To].

Definition 2.6. Let 2" be connected. The Rep(G)-valued rank rk : Kg(2Z) —— Rep(G) is
equal to chy, the projection of ch onto A°(2") @ Rep(G) = Rep(G). The virtual rank is x1 of ch
and is denoted by rk := (idg ®x1) ochg : Kg(2Z) — Q. Of course, if 2 is not connected, the
virtual rank of any ¢ € K¢(2") is a locally constant Q-valued function on 2.

The Lefschetz-Riemann-Roch is a fundamental tool for this paper. We need the theorem in

the case of a family of semi-stable curves 2 v % over a base 2 which is a Deligne-Mumford
quotient stack, that is, a DM stack 2 for which there exists an algebraic space Y and a linear
algebraic group scheme P such that 2 = [Y/P)].

In order to make sense of the theorem in this case we will need to invert certain elements of the
K-theory of 2. Specifically, we need to invert the element x o ® (A_1(€ 4+ ,2)) in K(27)®C.
If & (and hence Z°) were a projective variety, then y, o ® (A_l(ng/gf)) would already be
invertible (see, for example, [ELL VI §9]), but when 2 is a more general DM stack, that may no
longer be true, so we will need to localize, as follows.

Definition 2.7. Writing 2 = [Y/P] as a global quotient, we have K(Z) = Kp(Y). Let $
denote the augmentation ideal of the representation ring ring Rep(P) of P.

Proposition 2.8. If 2 = [Y/P] is a DM quotient stack of finite dimension, the localization
K(Z)g is isomorphic to the rational Chow ring A*(Z).

Proof. By [EG, Thms 4.1, 5.1] the localization K(%)g of the ring K (%) = Kp(Y) at the ideal
£ is isomorphic to the completion K(Z) of K(Z) along the ideal $. Edidin and Graham [EG]

prove that @ is isomorphic to [[re) A%(Y) = [0y AY(Z).
Moreover, since 2 is a DM stack of finite dimension, the Chow groups A*(Z’) vanish for
i >> 0. Therefore we have

O

Theorem 2.9 (Lefschetz-Riemann-Roch (LRR) for quotient stacks). Let 2~ S Fbea flat,
projective family of semi-stable curves over a smooth DM quotient stack % = [Y/P] with quasi-
projective coarse moduli space. Assume that a finite cyclic group (7y) acts on 2" and acts trivially
on Z such that f is {v)-equivariant. Denote by f7 the restriction of f to the fized-point locus
Z.

Let €99 be the conormal sheaf of 277 in X', and let La : Ky (2) —— K(Z7) be
defined as

~—

Lo (F) =

67(3(; (24)

Xy0® (A1(Cary2))

Denote the K-theoretic push-forward along f by Rf.(F) =Y ooq(=1)'R'f..Z, and let § denote
the augmentation ideal of the representation ring Rep(P) of P.
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The following diagram commutes:

Lo
Ky(Z)g — K(Z"MgeC

Rf. RfY . (25)

V4
Koy (2)s —> K(Z)5®C

For a smooth scheme, this theorem is proved [FLL VI§9], in the singular case in [BFQ) [Qu],
and in the non-projective case in [Tal. We know of no published proof of the theorem that would
apply to the case we need, so we give the proof here.

Proof. Since 2 is a smooth DM quotient stack with quasi-projective coarse moduli, we can use
the theorem of Kresch and Vistoli [KV], Thm 1], which shows there is a smooth, quasi-projective
scheme Z, and a finite, flat, surjective, local complete intersection (lci) morphism g : 7 — Z.
We will endow Z with the trivial (y)-action. The fiber product X := 2" X & Z is a semi-stable curve
over Z, and it naturally inherits a (vy)-action from 2". Denote the first and second projections
from the fiber product by ¢’ : X —— 2 and f’': X —— Z, respectively.

Because the morphism ¢ is finite and surjective, the pullback ¢g* : A*(Z) —— A*(Z) is
injective. By Proposition the pullback is also injective on localized K-theory:

9" K(Z)y — K(2)5

Let Lx : K(,y(X)g — K(X7)5®C be the homomorphism Ly (:F) = £y(F)

where
X~0®(A-1(€x7,x))’

Cx~/x is the conormal bundle of X7 in X.

By the usual Lefschetz-Riemann-Roch theorem for quasi-projective schemes [BFQ], the front
face of the following diagram (Diagram (26])) commutes. And since g is flat, the two sides com-
mute. It is straightforward to check that the bottom face commutes.

Note that X7 is the fiber product X7 = X x o 277, and the inclusions 27 —— Z  and
X7 —— X areregular embeddings. Therefore the excess conormal sheaf F := (g’w*ﬁggw/%) [€x/x
is locally free [Ful §6.3]. Moreover, ¢’ is finite and flat, so the rank of E is zero—that is,

9 €y = Cxyx.

This shows that the top face of the diagram commutes.

Lo
Ky (2)s
\*
9
L
K1) (X)s a - K(X7)y®C
Rf, Rf. Rf"] Rf] (26)
14
K (Z)s z K(Z)g®C
3 g
K’Y
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Since all the faces commute, except possibly the back, then for any .7 € K,y(2 )g, we have
g RfI (Lo (7)) =g "l RfT.
Since g* is injective, this gives
RfI(La (7)) =4RfT,
as desired. g

3. TAUTOLOGICAL BUNDLES ON THE MODULI SPACE OF (ADMISSIBLE) G-COVERS

3.1. Moduli space of admissible G-covers. We recall properties of the moduli spaces .# , ,,(AG)

and %in that we will need throughout this paper.
For any finite group G, let .#, ,(%G) denote the moduli space of admissible G-covers and

let %in denote the moduli space of pointed admissible G-covers. We adopt the notation and
definitions from [JKKO05]. We will denote by .#, .#(%G), and 7° the disjoint union over all
g and n of My, My,(BG), and 7 respectively. Note that our definition of .Z,,,(%G)

g,
differs slightly from that of Abramovich-Corti-Vistoli [ACV] in that the source curves possess
honest sections o; instead of just gerbe markings.

The map %(JG” —— M y,(PG) is representable. And it is known that .#,,(%G) is a

quotient stack [AGOT]. Thus we have the following proposition.

—a
Proposition 3.1. The stack 4 ,,, is a quotient stack.

n

In particular, Lefschetz-Riemann-Roch (Theorem [2.9) holds for the universal G-cover & — ]in'

3.1.1. Graphs. Let Ty, denote the set of (connected) stable graphs of genus g with n tails and
exactly one edge. Elements in Iy ;, are either trees or loops. If I' belongs to I'y ,,, then we let I'¢yt
denote the set of (possibly disconnected) stable graphs I'cyt obtained by cutting T' along its edge
together with a choice of ordering of the two new edges. We denote the n + 1st edge by + and
the n + 2nd edge by —. For example, if I is a tree and n > 0 or the genera of the two vertices are
different, then I';,; contains two disconnected stable graphs. If I is a loop, then there is a single
graph T'cys in T'eyr. Notice that the gluing morphisms on M are naturally indexed by I'cyt, rather
than T, since an ordering on the half edges must be specified.

To describe operations on %;n (m), where m belongs to G™, we must decorate the graphs.
Let f‘gyn(m) denote the set of (connected) stable graphs of genus g with exactly one edge and
with n tails, such that the i-th tail is decorated by m; for alli =1,...,n. If [ is a such decorated
graph, then let |f| € I'y ,, indicate the same graph but without decorations.

Choose T in G, and define f‘gyn(m,m) to be the set of equivalence classes of the set of (con-
nected) stable graphs of genus g with n tails whose i-th tail is decorated with m; for alli = 1,... n,
one half edge is decorated with some group element m; = m in m, and the other half edge is
decorated by the group element m_ = m™".

Two such graphs f, I e f‘gﬁn (m,m) will be considered equivalent if there exists an isomorphism
« of the underlying stable graphs such that the induced decorated graph ol” differs from T only
in the group elements (m,,m_) or (m/ ,m’ ) associated to its two half edges and if the pairs
(my,m_) and (m/,,m’) satisfy (ymyy~t,ym_y~1) = (m4/,m_’) for some v in G. We have

Tyn(m):= [] Tyn(m,m).
meG

If T belongs to T’y ,,(m, ), then f‘cut(f) denotes the set of decorated graphs Teut Obtained

by cutting the edge of T' following by choosing an ordering for the newly created tails (as before)
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and a group element m, in M associated to the “+” tail and the group element m_ := m !
associated to the “—7” tail. Similarly, denote
c’u,t,q7 = H Fcut and I‘cut,g,n(m) = H Fcut(r)
Tely., el ,(m)

And let f‘cut,g,n (m,my,m_) C f‘cut,g,n denote the set of decorated cut graphs whose ith tail is
decorated with m; and whose 4+ and — tails are decorated with m. and m_, respectively.

For any I' in T'y ,, we denote the closure in %in of the substack of pointed admissible covers
with dual graph I" by %? And similarly, for any I in f‘gm (m, ) we denote the closure in %;n
of the substack of pointed admissible covers with decorated dual graph r by %? We have

—G —G
=11 U U 7
meG" meG el , (m,m)

|T|=r

3.1.2. Notation. Throughout this paper we will use the following notation and refer to the fol-
lowing diagrams.

To reduce clutter, and when there is little chance of confusion, we will adopt the following
convention: when a map (e.g., 7) or an object (e.g., €) is the pullback, in a Cartesian square,
of a universal map or object, we will use the same name for both maps—thus 7 is the label for
several parallel maps in the following diagrams.

We let & : ¢ — .#,, denote the universal curve over the stack .#,,, and let s :
M, n(%’G) —— M 4, denote the morphism induced by forgetting the G-cover. Similarly, let
t: /// —— M y.,(PG) denote the morphism induced by forgetting the sections of the universal

G- cover L
Let 7 : & —— ¥ denote the universal G-cover of T : € —— #,,(#G). For any

I e I~‘g7n with || = T', we have corresponding inclusions ip : .Zp — My, and g,
]1: t(ggG) —— My, (BG) and if 'Z%ut — ]in’ and inclusions ?I:C L6y —— €

of the universal curves and inclusions ZF W éal: —— & and inclusions of the universal G-covers.
All these morphisms, stacks, and universal obJects fit together in the following diagram.
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t
& >~ &
“& /'N/Q
s
T
Ex Ex
7 7 R 7
%‘ o~
% @ .
" /Q ﬂ'\K r‘\ﬂ (27)
= S~
T T
©x Cx %
7 7 g T T 7
—G t — s _
%‘77"‘ %gn(%G) %g n
LSS NS S
_ t= __ S= _
Vi r A =(BG) L, 7r

We define st := sot and 7 = To7, and let o; : %in —— & be the ith section of the pointed
admissible G-cover 7. Let 7; :=Too; : %g,n — ¥ be the ith section of the universal curve 7.
We will also find it useful to decompose the gluing morphisms. If fcut S fcut,g,n glues to give
the graph Te IN‘qn and has an underlying graph |fcut| = I'cut € Tcut,g,n, then the corresponding

. . —G —G — — .
gluing morphisms pg_ : A7, — M, and pr,, : M., —> M 4, decompose into a
composition pg =iz o pp , where p1 is the obvious map from the stack of curves or G-covers
with cut graph to the stack of curves or G-covers with uncut graph.

These fit together in the following diagram, to which we will refer throughout the paper.

IE,,, i
& & &
chut 7Tf iy
—G FEa. —6  iF —c
//[Fm M //lg,n (28)

st~ st

Stfcut r

ir

N

]F HT e %F

cut

g,n»
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Remark 3.2. Note that while the top two squares in Diagram (28)) are both Cartesian, usually
neither of the bottom two squares is Cartesian.

Moreover, the morphisms ur,,, and pg_ - are generally not étale. The morphism pr,, fails

cut cut

to be étale precisely on the locus where .#Z has a self-intersection, that is, on the locus .#
of two-edged graphs IV which have the property that contracting either of the two edges of the
graph IV gives the one-edged graph T

Similarly, the morphism pug fails to be étale on the locus Z?, of decorated two-edged graphs
I which have the property that contracting either of the two edges of I’ gives r.

We let 7 : ]in+l(m, 1) — ]an(m) denote the forgetting tails map. Associated to the
this map we have the following diagram:

éog,nJrl gg,nJrl
“« %
t
Egn Egn
T T T i
t 5
Cgn+1 > Cont1 > Cont1
% @ Q
%\ ~
Con > Gy S Com
T T T T T T
— G t — . R—
///g,n+1(mv 1) > ///gm-i-l(%G)(mu 1) > M gn+1
I < <
— G t I . S _
q,n(m) > %(],n(%G)(m) > %g,n
(29)
3.1.3. Basic Properties of the Morphisms and Stacks.
Proposition 3.3. For allT € Ty, and for all a in A*(.Ar), we have
Z TFif, stp o = st” ir.a, (30)
|T|=T
Tel, .

where rx = |m| ifT € f‘gyn(m,m).
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In particular, the fundamental classes are related by the equality

> gt = st [ (31)

|T|=T

m A'(%g). In addition, for any Ceut € f‘cut)g,n(m,m_k,m_), let T be the graph obtained by
gluing the cut edge, let Teys = |Tews|, and let T' := |I'|. For all a in A*(Mr.,,) we have the
equality

o = [Aut)]|Zg (my )]
| Aut ()| |

For any class B € A*(Ur_, er.., o Mr.,,,) and for any m € G™, we have

*

Stf

IS SR D e - (32)

cut*

2
1 " 1 "Teu "
5 2 Serasf=5 > Zatm )] Tenstr0 5 (33)
Fcutercut,g,n Fcutercut,g,n(m)
Proof. Let I be the fibered product Iy := M X ]in' It is straightforward to see that

the stack Ulf\:F %? is the reduced induced closed substack underlying F' (i.e., the result of
annihilating nilpotents in the structure sheaf). So the fibered product F' also breaks up into a

F= | F,

|T|=T

union of pieces indexed by r

and the reduced induced closed substack underlying F is ]? We have the following commu-
tative diagram:

(34)

. —G . . . .
We also have that jg, : A*(A#t) — A®(Fy) is an isomorphism, and pria = TEJE,SUEQ, Where
r is the degree of ramification of st along I'. That is, g is the number of non-isomorphic pointed
admissible G-covers over a generic point of .Z, , which degenerate to the same isomorphism class

of pointed admissible G-covers over a generic point of ]? The degeneration to ]g comes from
contracting a cycle in the underlying curve (with holonomy m) to a single point.

Thus, after accounting for automorphisms of the smooth versus the nodal G-covers, the number
of pointed admissible G-bundles over the smooth curve that contract to give the same nodal G-
cover is r = |m|. And we have

g TRip, Stra = g Pro.prio = st ip.a,
|T|=T |T|=r
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where the last equality follows from the fact that st is flat. This proves that Equation (30) holds,
and Equation (31)) is a special case.

For any [yt denote the canonical map ]?Cm — F':=Mr,, X7y ]? by ¢. It is easy to
see that ¢ is finite and surjective; indeed, the product F’ consists of all triples (Geut, (Eyiued —
Cgiued; P15 - - - »Pn), @), Where Gy is a curve in M and (Egiued — Gglued,P1,---,Dn) IS a

cut ?
—a

pointed G-cover in .#F, and « is an isomorphism between %jiueq and the curve obtained by

gluing %.,:. Normalizing & at the node gives a new G-cover &.,:, and any choice of p; with

—a
monodromy my will give an element of .ZF_ which maps to the original triple.
Moreover, the degree of q is

_ [Aut(D)| Zg(mo)|
deg(q) = |Aut(F)||m+|Jr ,

as can be seen from the fact that
) LAut(F)| Zg (o)

[m |

deg (g

cut

and the degree of the second projection pro : F/ — ]g is the same as the degree of ur
namely deg(ur,,.) = | Aut(I")]. We now have

cut ?

|Aut(I)[|Zg (m)|

HE o SUE L, @ = Pra«geq pria = deg(q) pra, pria = SR AT e s

| Aut(L)][m|
which gives us Equation ([32]).
Finally, to prove Equation (33]) we observe that
1 1 . .
5 Z St* prog o« = > Z Z T'f i, SUE A8 (36)
Fcutercut,g,n Fcutercut,g,n ‘fl:l—‘
rely .
1 r| Aut(T)]
2 Z |Aue(T)] r ol BT
Tews €l cut, g,n
1 ri
FCU
T3 2 gt O
Peut €T cut,g,n (M)

where the first equality follows from Equation (B0), the second from counting the number of
graphs T¢ye with |Teut| = Teut, and the third from Equation (32). O

3.2. Tautological bundles and cohomology classes associated to the universal G-curve
and their properties.

Definition 3.4. We define the bundle % on M y.1,(BG) to be the push-forward
%= R'r,0p. (39)

Since the map %in . M 4, (PBG) is flat, and the universal admissible G-cover over %;n is
the pullback of the admissible universal G-cover over .# , ,(%#G), the push-forward R'm.0s on

7S is the pullback of Z from M 4, (BG). We will abuse notation and also use % to denote

a,n

this bundle on -/Z; .



RIEMANN-HURWITZ THEOREM 17

Definition 3.5. Let E be thg line bundle given by pulling back the relative dualizing sheaf w,
along the sections oy, and let ¥; be the first Chern class of .%;:

Li=0i(wn) b= (). (40)

Similarly, on %?m, we have additional sections o4 and o_ and corresponding line bundles:
Ly =0} (wn) J+ =1 (L) (41)
L =" (wy) V=1 (L). (42)

Proposition 3.6. The bundles £ and %, in Pic(%in) and the classes U; = cl(.,@i/) and
Vi = c1(L) in Al(zin(m)) are related by

ZEml = 2 and = 4 (43)

for alli =1,...,n. Similarly, for all T in T'(m), the classes P+ := ¢, (.,Z[) and Y1 = c1(Zy)
are related in Al(]%ut) by

1
V=t (44)
where r = |m4| = |m_|.

Proof. If z is a local coordinate on & near p;, then z := zI"l is a local coordinate on € near
p;. Locally on & near p;, the relative dualizing sheaf w, is generated by the one-form dz and the
pullback 7*(wy) is generated by da = |m;|z/™!=1dz. This shows that

7 (wr) = wr ® O(—|mi|Dy),

where D; is the divisor in % corresponding to the image of o;. It is well-known (See, for example
[JKV] Lm 2.3]) that

. ~ L ifi=j
0; (0(=Dj)) = o g e
o ifi#j
Combining this with the fact that ; = 7 o oy, we have
=01 (7 (wr) = 0} (wn @ 0 (=(jmi] = )D;) ) = ZF™. (45)
Taking first Chern classes completes the proof. g

We also need to define the analogue of Arbarello-Cornalba’s kappa classes.

—G
Definition 3.7. For the universal curve 7: ¢ —— #  ,, let

n —
W7 log *— WF(Z Dz);
1=1

_ —aG
where D; is the image of the ith section 7; : A4, — €.

¢ define

g,n?

Wr . log += WW(Z Z gDz)a (46)

i=1 geG/{m;)

Similarly, for the universal G-cover 7 : & — #

where D; denotes the image of the section o;, and >
of D;. Now let

9EC i gD; is the sum of all the translates

K 1= ﬁ*(cl((ﬂﬁJog)aJ’»l) and Ry 1= s (cl(wmlog)aJrl).
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M+l n

FIGURE 1. The decorated graph T; of Definition B.11

It is immediate to check that
Wr log = %*wf,logu (47)
where T : & —— % is the covering map. Combining this with the fact that 7 is finite of degree
|G|, we have the following proposition.

Proposition 3.8. The classes k, and Kk, on /// are related as follows:

Ra = |G|f<aa. (48)

Remark 3.9. It is important to note that in addition to the definition of kappa classes given
here, there is another common definition of kappa classes due to Mumford:
=T (er (wr) 1),
and the obvious analogue for admissible G-covers would be
~/

Ry, = me(c1(wr

Mumford’s kappa classes don’t behave as well as Arbarello-Cornalba’s kappa classes, but the
different definitions are related, as follows.

Proposition 3.10 (JAC96, Eq (1.5)]).

/
"ia

)a-i—l).

~ 1G]

n G""
Ka=rFy+ Y 0 and R =F,+ ) | |wf (49)
mg
=1

=1

Next we make a definition that will play an important role in the forgetting-tails morphism.

Definition 3.11. Let fi be the one-edged tree with n + 1 tails, and with one of its two vertices
having only two tails, p; and p,, 41, decorated by 1 and m;, respectively, and the other vertex having
n—1 tails p1,...,Ps,...p, decorated with my,..., My, ..., my,, respectively (See Figure [).

Theorem 3.12. The following relations hold on ]G. Those relations which do not involve the
gluing map p also hold on M (ABG).

(1) The bundle R is preserved by the forgetting tails morphism T:
TR =X (50)
The cotangent line bundles Z satisfy a Telatwn like the Puncture Equation; namely, if
T; is the graph in Defintion[311], then //ZF is a divisor in ///q ni1s and we have

7%= %0 0(—Adx.) (51)
in Pic( e 41) ®Q and
T = — {]g} (52)
in AN(AS 41, Q).
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(2) Consider T in f‘g,n(m,m) and choose Tyt € f‘cut(f) of type my € m. We have

Pk ti’? =9, (53)
where the left-hand E is the cotangent line bundle on ]g and the right-hand E is the
cotangent line bundle on %?Cm.

Furthermore,
(a) IfT is a loop, then
Pt % =%+ (C[G/Go] — C[G/GCrui]

+CG/tmy))) © 06

(54)

where Gy is the subgroup of G fizing the connected component of a generic admissible
G-cover & with dual graph r containing the node which is cut to give o4, and Gyt
is the subgroup of G fixing the connected component of é”lzcm containing the image of
O4.

(b) IfT is a tree, then

B =%+ (C[G/Go] — C[G/G4] — C[G/G_]

PP (55)
TG/ (m4))) ® O

where Gg is the subgroup of G fizing the connected component of a generic & con-
taining the node that is cut to give o4, G4 s the subgroup fixing the connected
component of &_  containing the image of o4, and G_ is the subgroup fizing the
connected component of &_  containing the image of o—.
(c) For any integer a > 0 we have
p% ’%a = I%av (56)

cut

where we have used ko to denote both the class m.(c1(wnrlog)® ™) in Aa(]fn(m))

. —G
and the class m5_ (1 (w”fcut110g>a+1) in A*(MF._,).

Proof. To prove the first equation (B0]), we consider the following diagram with a Cartesian square:

gg,n-i-l
P
v
&= &) —L g (57)
gn
ﬂ-_:],n ﬂ-g"

—G T —G
%97"4‘1 (m7 1) - '%g,n(m)

where &” is the pullback of & along 7, and 7y 5,41 = wf]m ov. The map v contracts any components

that are made unstable by the removal of the marked point p,41 and the points in its G-orbit, and
v is an isomorphism away from these components. Because the only fibers that have dimension
greater than zero are curves of genus-zero, the first derived push-forward vanishes R'v, Os,
0, and the push-forward is the trivial bundle

n+1 =

V. O0g, =0g =" 0Og, .

41
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Therefore, by the Leray spectral sequence, we have
RY(Tgn41)05, ., = R (7))« O = R' (7} )" Os.

Since the square is Cartesian and 7 is flat, this gives

‘@q,n-‘rl =R (Wg,n-i-l)*ﬁgg,nﬂ =7"R' (Wg,n)*ﬁg = T**@q,nv
as desired. L
Equations (BI)) and (52) follow from their counterparts on .# .. Specifically, it is well-known
[Wi, Eq (2.36)] that
(L) = L@ O(| ),
where I'; = |fz| is the undecorated graph underlying the forgetting-tails graph I'; of Defini-
tion BI1l By Proposition [3.6] we have

=%, @st* O([Mr,))
= 2Pl @ st 6([r,).
However, by Proposition [3.3] we have that
Jp— — G — G &l
st* O([Ar.)) = O(|mi|[ A7) = 6([AF )™,

so taking |m;|-th roots gives the desired relation.
To prove Equation (54]), we first note that in the following diagram the two squares are Carte-

sian:

Fens
.
%
v %,
T
& = (6) e G L 8 (58)
’ s 0

—c¢ Hr, —G¢ If —a
My, —> Mt ——— M,
The upper-left vertical map v is the normalization of the admissible G-cover at the nodes cut in
[Ceut, and g .= 7’ o v. Since the squares are Cartesian, we have
p% j = /L% ti;Rlﬂ*ﬁg = Rlﬂ';(a*?%ﬁg) = Rlﬂiﬁg/.

cut

On &', we have the following short exact sequence:

0 — ﬁg/ - I/*ﬁgf — Onodes — 0.
cut

Pushing forward to %?ﬂt, we have the following long exact sequence in Rep(G) @ K (%?wt):
0 — ClG/Go] @ 0 e — ClG/Cud] © 0 g — CIG/m ) ® 0 4o

t t t

—_— Rlﬂiﬁg/ — Rl(ﬂ'f t)*ﬁgf — 0.
cu cut

This gives the desired relation in K-theory. The proof of Equation (B3 is similar.
Equation (B3] follows immediately from the fact that in Diagram (B8) the map v is an isomor-
phism in a neighborhood of the image of the sections o . O
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4. THE HURWITZ-HODGE BUNDLE AND A RELATIVE RIEMANN-HURWITZ THEOREM

In this section we prove the relative Riemann-Hurwitz formula, which generalizes the formula
of [JKKOT] and allows us to write the equivariant K-theory class of the Hurwitz-Hodge bundle in
a useful form.

We begin with a discussion in Subsection [£1] of several generating functions that we will need
to describe the result. Next, in Subsection we will use these generating functions to describe

. G . . . . .
classes .}, in K¢ (.4, ,,) which are associated to each puncture. In the relative Riemann-Hurwitz
formula, these classes describe the contribution from each puncture to the overall formula for Z.

As our last preliminary step, in Subsection we describe classes Y% in K¢ (A ,,,) associated

to each cut graph fcut S f‘cut. These classes describe the contribution from each node to the
overall formula for %. In Subsection 4] we bring all these pieces together to state and explain
the main theorem and its consequences, and in Subsection we prove the main theorem.

4.1. Generating functions and Bernoulli polynomials.

Definition 4.1. Let » > 1 be an integer. Define the rational functions

|
—_

T

y"—1
Ho(y) ="— =3 v (59)
y= k=0
Hr(xy)— T(y)
Fr(xay) = Tv (60)
and
FT(tvy) = F""(et/Tvy) (61)
Since ) _ .
— zF -1 & — Elz_olxl k — Hy(z)
Rl =S Sy = S B S
k=0 k=1 Z41=0 k=1 """

we see that Fi.(z,y) is a polynomial of order » — 1 in y, i.e.,

r—1
Fr(z,y) = ZFr,k(x)yka (62)
k=0
where F, () is the rational function

kbt .
F, k(I):Hk(I) :xk_l = %%?ﬁiﬂ lfk:]‘?"'a/r_]. (63)
" Hr(‘r) " —1 0 N k= 0.

Note also that one can expand F) j(z) about = 1 to obtain the following power series

k k(k-— k(k—7r)(—r+ 2k —

Fnk(x):_+w(x_1)+ (k—r)(=r+ 3)(35_1)2
r 2r 127 (64)
k(k—r)(k—=2)(k—r—2
4 ( T)( )( r )(I—1)3+O(($—1)4)
24r
Combining Equations (64) and (G2]), we may thus regard F,(z,y) as an element in Q[[z — 1]][y].
A simple computation gives the following proposition.

Proposition 4.2. Let r > 0. If y € C satisfies y" =1, but y # 1, then we have

1
F(z,y) = .
(z,y) Py

(65)

Remark 4.3. This relation for F,.(x,y) is not true for y in a general commutative ring, and in
particular, it is not true in the representation ring of G.
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We can expand
r—1
ty) =Y Fru(t)y, (66)
k=0

kt/r 0 k

Fx(t) := — Z JH( )tJ/O B(t, z)dz, (67)

Bu(2) — Bn(0)
n!
and B, (z) is the n-th Bernoulli polynomial, defined by

where

0B, (z2) := , (68)

oo

tetz tn
B(t,z) := 1 ZB"(Z)E

n=0

We have the well-known relations
B(—t,z) = B(t,1—2) and (—1)"B,(0)= B,(1). (69)

We also have B,(0) = 0 for all odd n > 1. Combining this with the definition of §B,, and
Equation (69) gives
6B, (1 —2) + (=1)""6B, () = 6} (70)
for all integers n > 1 and x € C where (5,1L is the Kronecker delta function.
The first few terms are

1 1 5\ t2 z 3z t3
B(f,Z)—1+(Z—§>t+(6—Z+Z)54‘(5—74—2)?""0()
and

P Fa (BB (B R RN (E R RN
rhlt r 272 27 3rd  2r2  6r) 2! 4rt 293 492 ) 3l '
Thus, F,.(t,y) may be regarded as an element of Q[[t]][y].

Proposition 4.4. If r > 1 is an integer, then

Fr(xal) = L - TT
xz— 1 zr—-1 , (71)
L T o)+ e - 1) 4 O - 1Y)
2 12 24
Furthermore, for all s >0,

r—1
> B, (g) = B,(0)r~*. (72)
k=0

Proof. Equation (7)) follows by performing the summation in Equation (62) after plugging in
y = 1.
Plugging in 2 = ¢!/" into Equation (ZI)) yields F,.(t,1) in Q[[t]] equal to

r—1

T t/r t ekt/r —1

z — = - 73

t(et/r—l et—1> ];) et —1 (73)

Expressing both sides of this equality in terms of Bernoulli polynomials yields
tﬂ (r=7 —7r) Bji ( BJ+1(O)

> 5,0 Yy B0 ), 2
§>0 >0 k=0

The result follows by equating coefficients of #/ for j > 0. O
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Definition 4.5. For any function f(z,y), define its dual function f*(z,y) by
frxy) = fla™hy™). (75)
Proposition 4.6. Let r > 1 be an integer, then for allk=1,...,r — 1, we have
Fr() + Fo (@) =1, (76)
and
Fi(z,y) = He(y™') =1 -y "Fp(z,y). (77)
Proof. Equation (7)) is immediate. Equation (77)) follows since
r—1 r—1
F(z hy )= Frpla™ )y ™" = Z(l Fr,rfk(x))yik
k=1 k=1
r—1 r—1 r—1
=Yy =Y Foa@y = Hy ) = 1= Fogla)y
k=1 k=1 k=1
=He(y ')~ 1-y "F(zy)
O
Another useful generating function is the following.
Definition 4.7. Let » > 2 be an integer. Let
r—1
Cr(x-l-a z—, y) = Fr($+, y)Fr(x—u y_l) - Hr(y) Z Fr,k(x—i—)Fr,k(x—)
k=0
r—1 (78)
= CTyk(ervx*)yk
k=—(r—1)
and for all k =0,...,r — 1, let
~ C, ,2-)+Cr yo—) ifk=1,...,r—1
Coplzs, ) o= § oot 8) + Onranloe, @) " (79)
Cro(zy,z_) if k=0.
We may regard C,(z4,7_,y) as an element of Q[y,y !][[z4 — 1,2 — 1]] since C (x4, 2_)
may be regarded as an element in Q[[zy — 1,2_ — 1]].
Proposition 4.8. For all integers r > 2 and k=0,...,7r —1,
zk —1 z" k1
N e+ -l
Cri(zg,x_) = =
k(T 2o) p— (80)
k(k—r) k(k—r)(r—2k-23) 5
= — -1 _—1 -1
- - (e = 1)+ (e~ 1)+ O((z ~ 1?)
and
1 xzha” —1
Cr(rg,z_,1)= —r . -
: - D@ -1 (ara D@, — D 1)
1—72 r2-1 rt —20r? +19 9 9 (
= — — St ki — _ 81)
5t o (@ =D+ (- - 1)+ ——— (@ = 1) + (@4 = 1)°)
(r+1)(r—1)(r?+11)
- - (21 — (@ — 1)+ O((z — 1)?),

where both equalities may be regarded as in Q[xy — 1,z_ —1]].
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Furthermore, if R, is the commutative algebra R, := Q[v]/{v" — 1), then we have the following
equality in Ry[[x4 —1,2_ —1]]:

r—1

Crlry,z_,v) = Z Cral(ry,z_ )", (82)

k=0

Proof. Equation (82) follows immediately from Equation (80) and the second equality in Equation

([T8).

Equation (&) follows from Equation (B0) after performing the summation

r—1
C ZE+,I, Zcrkana
k=0
We will now prove Equation (B0)). Plugging in definitions yields the equality

r—1

T T ~ k k— j
(@ — 1)@~ Dz =5 | 3 @ - nE -y
i=1 \ ky—k_=j
ki >0

r—1
D DR Cath Gt § T N C A D O 17
ky—k_=j—r k=0

k+ >0

Since the coefficient of y° of the right hand side of this equation is zero, we have (eryo(:zsz, x_)=0.
Similarly, picking off the coefficient of y? for all j € {1,...,7 — 1}, we obtain

(a7 = 1)(@” = 1)Cry(as,a-)

r—1
k ke k ke
= > @ -neEl -+ D @ -DeEh -n-> @k -nErk -1
ky—k_=j ky—k_=j—r k=0
k+>0 k+i>0
r—1
= Y @ -neEmt -+ Y @ -neETt - =Y e ek -
k++k,:j+r k++k7:j k=1
kt>1 k+>1
r—1
= Y @ eneErU™ons Y @ -nEtt - =Y @k - et -1
k++k,:j+r k++k7—j k=1
kx>1 ki>1
r—1 j—1 r—1
k key—j k kytr—j
= > @ -DEETT -+ ) @ e =) @ - )er -
k+:j+1 k+:1 k=1
r—1—j 7j—1 r—1
= Y T e nEt -+ Y - e ) = Y - ek -1
ky=1 ky=1 k=1
Performing the resulting summations and solving for (N]h j(zy, z_) yields Equation (80). O

—G
4.2. Contribution from the punctures. In this section, we define a class .7, in Kg(4#,,,)

associated to the ¢th puncture of the universal pointed admissible G-cover. This class plays a
central role in the formula for Z.
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Definition 4.9. Let m = (my,...,m;) in G™ and pick i = 1,...,n. Let r; = |m;|. Define
—~  Hy(%)  LF-

Gk = k(L) = nZ) 2" -1 (83)
in K(%fn (m))g, as given in Equation (63). And define
S, = Fri( L5, Vin,) TilFm (84)
in K(%fn (m))g @ Rep({m;)). Similarly, let
T, =1ndG,, Sy, = i S,k Indf, , VE, (85)
k=0

. —a

in K (5, (m))5 ® Rep(G).

Remark 4.10. Note that the definition of &,,, » makes sense because the element H,., (Z) =
Zfol i;l/k is invertible in K (]fn(m)) 5. This can be seen by expanding H,, (2) as a power

series in (.%; — 1), which has rank zero, and is, therefore, nilpotent in K (]fn (m))g.

We also define the following more general sheaf to represent the contribution of the punctures
to a more general equation for a push-forward of the form Rw,.%# from the universal G-cover to

g,m:

Definition 4.11. For any .Z € Kq(&) on the universal admissible G-cover & —— ]in(m),
and for any ¢ € {1,...,n}, let
Sm, (F) =6, @ (0] (F)) (86)
in K(%in(m))y} ® Rep({(m;)), where o] (.F) is regarded as an (m;)-equivariant sheaf.
Similarly, let
i (F) =nd(, IS, (F) = 1°Ind(,, ) &, (F) (87)
in K (75 ,(m))s @ Rep(G).
It is easy to see that
S (ﬁ) =i
and because of the I in the definition we may apply Equation () to see that
T (F)E =0 (88)
for all #
Definition 4.12. The dual functions are defined as follows:

s = FE (L) = Fron( LY,

&, 1= (L0 Vin) = B (£, V),
and
S =Ind{, \ &5
Similarly, for every .# € Kg(&) define
6. (F) =6, @ ®(0;(F7)) = 6, @ (o] (Hom(F,0))) (89)
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in K (7, ,(m))s @ Rep((m,)), and
y*

my

(F) :=1Ind(, , I &}, (F) =19Ind, , &7, (F) (90)

(mi

in K (A5 ,(m))s @ Rep(G).

Remark 4.13. Note that .7 (%) is precisely the dual of ., (), that is
I (F) = Hom( S, (F), 0).

Proposition 4.14. For any m in G™, and for alli=1,...,7; — 1, where r; = |m;|, we have
T‘i—l
Cllma)) = D Vi, = He(Vin,) (91)
k=0
in Rep((m;)). Forallk=1,...,r;, —1,
Froi( ) + F} 4 (Z) =1 (92)
in K(A, ,(m)) @ Rep(G), and
Fm; + Zm, = ClG] = C[G/{m)] (93)

in K(%fn(m))g ® Rep(G). Finally, we have

T‘i—l
k(S ) = Y = Ind, , VE, (94)
k=0 *
and
G| 1
K(F ) = [1- =
(i) = 5 - (95)

Remark 4.15. In the special case where 92-/: Zfl, then we have &7 | = ., -1, and &7 =
S -1, so that 7, + .7, -1 = C[G] — C[G/(m;)]. Two situations in which this case occurs are,

—G —~ _
first, on .# 3(m), where .£; = €, and second, when m; = m; L

Proof of Proposition [{-14] Equation (@) follows from Equation (I0). Equation (@2) follows from

Equation (76).
Now note that

VP Fr (L Vi) + Fi (L Vi) = H (V1) — 1, (96)

in K(///in(m))y) ® Rep({(m;)). This follows from
Fi (%o Vi) = Hu(Vi) = 1= (Vi) Fu(Z, Vi)
= Hp(Vi) = 1=V, Fo(Z Vi),

where we have used Equation (77)) in the first line.
We now apply Ind€ | to the resulting equality to obtain

(mi)
1d$, ) (B (2 Vin) )+ dfey (B (2 Vin))
= nd§,, ) H;,(Vn,) = CIG/(my)]~ (97)

(mi)

in K (7, ,(m))s @ Rep(G).



RIEMANN-HURWITZ THEOREM 27

Equation ([@3) follows immediately from Equation (@7) after using Equation (@1]) and the fact
that C[(m;)] = C[(m;)]* in Rep({m;)). Equations (@4 and (@) are easily seen by noticing that
the Chern character of F, 1(-%;) is Fr, k(c1(-%)), and so

rk(Fr 1 (£0)) = cho(Fr k(e (£))) = Fr 4(0) = /i

O

Proposition 4.16. For any .F € Ka(&) on the universal G-cover & ——» %in(m), and for
any i € {1,...,n} we have

S5, (F) + By (Aom(F,w)) = T k() Clim)]

= &, (Hom(T,w)) + G, (F). (98)

Proof. For any v = mﬁ # 1, we can apply Proposition £.2] to get

(S0 (F) 4 S, (Hom(7 ) = T X6l B oilen))

7 ¢.Z—1
_ Xy(07 (7)) 4 Xy (07 (F7)) LE: 0
(i -1 ¢Lg—1

By Equation () and the fact that every representation is completely determined by its characters,
it follows that &}, (F) 4 &y, (Hom(.F,w)) is a scalar multiple of C[(m;)]. Now, applying x1,
we get

X1 (65, (F) + G, (Hom(F,w)))
T‘i—l ’I‘i—l

=Y k(B k(L) 1k(o] FF) + D 1k(Fy, 1( L)) th(Hom (o] T, L))
k=0 k=0

’I"ifl

=2} YikoiF) = - rk(ol(#))
k=0

= (S kel )

r

This shows that first equality holds. The proof of the second equality is similar. O
Corollary 4.17. For every . € Kg(&) we have
T (Hom(F,w)) = =, (F). (99)

Proof. Applying 1™ and Ind<Gm y to Equation (@8]) we have

7

I F) 4 S (Aom(F,w)) = Indf,, 1) (&}, (F) + &, (Hom(F,w)))

<m1>

= maf,,) () cm))
= 0.
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4.3. Contribution from the nodes. In this section, we define a class 5 in Kg(]in)

associated to each cut graph fcut S f‘cut. This class also plays an important role in the formula
for Z. _ _
Consider m in G™ and let I'cyy € Loyt g,n(m) be a choice of a cut graph decorated with cut

edges decorated by my and m_ = m, ~*. Let pg i Zﬁm — ]fn(m) denote the associated
gluing morphism.

Definition 4.18. Consider &,,, in K (-7 )@Rep((m)) and &, in K(Z5. )s@Rep((m_)).
Let
|m+|

. G m
I, = 2G| A PE e 10 (I< +>(6m+6m7)) (100)

in K(%fn (m))g ® Rep(G), where I(™+) is given by Equation (I8) (but extended to K(%?)
coefficients). Furthermore, define
yf = Z fyfcut'

fcut efcut (f)

It is easy to see that the terms pg t*i’i do not depend on all the data of fcut, but rather are
determined only by the glued graph T. This yields the following proposition.

Proposition 4.19. The element yfcuc depends only on the glued graph f, and for any fcut €
f‘cut(f) we have

[my |

- = Id§, (16, 6,, 101
= TR ot e P (17 S ) oy

—a
By Equation (I9) the projection onto the G-invariant part 5’0 of S5 in K(A,,(m))g

cut

satisfies
G G _
5 =S5 =0. (102)
Remark 4.20. Both the rank and Rep(G)-valued rank of . and %5 are zero since the sheaf

. . . —G . —G
is only supported over the codimension-one substack .Z in ., ,

The formula for .7 . can be rewritten in a different form that is often easier to work with, as
follows.

Proposition 4.21. We have the following equality in K(]?n (m))g @ Rep(G):

__Imy]
fyfcut - 2|G| chut*

m+) C\m+\($+7$—7vm+)

lm| -1 ok olimy|—k
CImal L k Ly -1 2L —1 77
Ind Vo pro + -1/ (&2 -1
kgo 2|G| (my) +FTeut ﬁm+\ 1 ﬁm+\ 1 ( + )
(103)
Proof. Equation (03] follows from Equations (78), (@I, (80) and (82). O

Finally, we define the contribution from the nodes to a more general push-forward.

Definition 4.22. For any graph fcut € f‘cut,gyn(m), and for any & € K¢ (&) let

S (F) = — |:|"g||1G1 Gy (P [@ (72T, ) + 05 (Fr ) © (G, G )] )
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in K(]fn (m))s®Rep(G), where F5_is the pullback of F to the universal G-cover &5~ — ///F
and o7 (F5_ ) is regarded as an <mi) equ1var1ant sheaf instead of as a G-eqmvarlant shea.

cut’

As before, it is easy to check directly from the definitions that for any # € Kg(&) the G-
invariants of /5 (%) vanish:

G
(yfm (ﬂ)) ~0 (104)
and for .% = O we obtain the original yfcut:
S5 (O) =5 (105)

4.4. The Main Theorem and Its Consequences. The main theorem of this paper is the
following.

Theorem 4.23 (Main Theorem). For any F € Kg(&) let F := (7.7)¢. The following equality
holds in K (A, ,,(m))s @ Rep(G):
O(Rm.F) = Rr.Z ®C[G| = Y Im (F) = > F_ (7). (106)

=1 fcu': S

Fcut,g,n (m)

We will give the proof in Section [£5], but first we make a few remarks about the theorem and
its consequences. The following corollary is one of the most important consequences of the Main
Theorem.

Corollary 4.24 (A Rep(G)-valued relative Riemann-Hurwitz Theorem). The following equality
holds in K (A, ,,(m))s @ Rep(G):

(%) =0 C[G/Gol+ (Z— O)RCIGI+ Y Imi+ > T, (107)

=1 _ Tewe
Fcut,g,n(m)
where % is the pullback of the dual Hodge bundle from %gm and O is the structure sheaf of
%Sn(m) Over each connected component N, ,,(m) of %in (m), Gy denotes a subgroup of G
which preserves a connected component of a fiber of the universal G-cover & over A 4, (m), and
C[G/Gy] is the G-module generated by the cosets G/Gy.
Similarly, we have

(F) = O RCIG/Gol+ (% — O)@CIG)+ > I — > Fr. . (108)
=1 _ I~1cutE
Teut,g,n(m)
Proof of Corollary [{-2) Equation ([I0T) follows immediately from the Main Theorem applied to
the structure sheaf &, after using the fact that ROm,0g = 0 ®C[G/Gol.

To see Equation ([I08)), first use Serre duality to see that Q)(%*) = ®(Rmwe) + C|G/Gol @ O
Now note that, by the residue map, the dualizing sheaf at a node is trivial

* *
oW = 0ws = O

Teut

Therefore, we have

(we)

|Z|1G+||IG (pfm* [(2ﬁ)®lndG NN )D

= Jr . (109)

I

cut
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Also, by Corollary E.17 we have
T

i (wg) = _y’:ll :
Furthermore, we have
(/ﬁ*wg)c = Wg.

Now applying Theorem [4.23] and using the previous relations gives

(I)(Rﬁ*wg) = RT,we® (C[G] — Z ymi (wg) - Z yfcut (wg)
= - fcu':e
Fcut,g,n(m)

(Z - O0)CGI+> Im — Y. Fr,
=1

fcute
Fcut,g,n (m)

as desired. O
Remark 4.25. Taking the Rep(G)-valued rank of Equation ([I0T7) yields the equality in Rep(G)

k(%) = C[G/Go) + —|—Zrk ) (110)

since rk(.T) = 0. This is precisely Equation (8.4) from [JKKO?}.

Corollary 4.26 (Relative Riemann-Hurwitz Formula). The following relation holds in K (%fn (m))g.

-~ |G - 1
% = ||G || O+|GR=O)+Y St D 3P0 St (111)
i=1 fcutefcut,g,n
where
G 1 i
Sy, = |T—| <§_1 . gf_ 1) (112)
and
f”f” —
SF... = — - — — (113)
(& —)(Z--1) (iﬁf (£ - 1)(ipf -1
The rank ofé s gwen by the usual Riemann-Hurwitz Formula:
= _ Gl ~ |G| 1
k — -1 —1-—. 114
() = g+ - Dl + 30 (1 (114)

Proof. Take the character x; of Equation (I07) and then apply Equations (71]) and (®I) to ob-
tain the desired result. Taking the rank of Equation (III)) yields the usual Riemann-Hurwitz
Formula (IT4). O

Remark 4.27. Equation ([T can be rewritten as

~ 1
% = NO + deg(r) (7 — 0) +Zsz D PRt (115)

=1 Fcut chut RO

where N is the number of connected components in a fiber of & —» ¢ —— ///g ns deg(m) = |G|
is the degree of 7, and 7; the order of i-th ramification. It is tempting to interpret Equation
(I7) for a more general family of curves & —— ¢ —— T, and not necessarily just for a
family of admissible G-covers. In this case we would regard S,,, as the sum of all ramifications
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of the family occuring on the smooth locus of the family of curves, and the sum over Sg . as
cu
ramifications occuring on the nodal locus of the family of curves.

Corollary 4.28. The following Rep(G)-valued generalization of Mumford’s identity holds in
—G
K(A,,)s @ Rep(G):
O(Z) + ®(X*) = 20 © C[G/Go] + (29 — 2 +n)0 @ C[G] — (Z o C[G/(mﬁ]) . (116)
i=1

Similarly, in A(%in) ® Rep(G) we have
ch(Z + %*) = 2C|G/Go) + (2¢ — 2+ n)C[G] — <an (C[G/(mi>]> : (117)
i=1

Proof of Corollary[{-28, By equations (I07) and (I08) we have

O(R) + B(R") = 0 @ 2C[G/Go] + (B + B* —20) @ CIG) + > (S, + Fh.) -
i=1
Pulling back the usual Mumford identity ch(%) + ch(%*) = 2g from .4, to %in(m), and

using the fact that K(///in)g = '(%in) we have

R+ R =290 (118)
in K (]fn) 5. Applying Equations (II8) and (@3), we obtain Equation (II6). Applying the
Rep(G)-valued Chern character gives Equation (I17). O

The Mumford identity for the ordinary Hodge bundle implies that the positive, even-dimensional
components of its Chern character must vanish. Similarly, our generalization of the Mumford
identity for the Hurwitz-Hodge bundle yields the following result.

Corollary 4.29. Let G be a finite group. Let Rep(G) be its representation ring and 7 the metric
in Rep(G). Let # be the Hurwitz-Hodge bundle in Kg(%G For all W in Rep(G), define

g,n)'

~ ‘ G
W] :=n(W, (X)) in K(A, .. )5-
For all j > 1 and W in Rep(G), we have the equality
chyi (Z[W)) + (—1) chj(Z[W*]) = 0. (119)

In particular, when W* =W then chas(Z[W]) =0 for all s > 1.
Proof of Corollary[{.29 To avoid notational clutter, identify Z in Kg(%G

)
— q)n
@(,@5) in K(%in)ﬁ ® Rep(G). Since Irrep(G) =: {sa}‘cl is an orthonormal basis for Rep(G),

a=1
we have

with its image

IG|
A= R ®cq,
a=1
where Z° = 77(,@', €a) In K(Z?n)ﬁ.
For all j > 1, Equation (II7) yields
chj(,@?) + chj(f@?*) =0,
which, after plugging in the expansion of ,@5, becomes
G| _ G| _ _
> ey (@) @ca+ Y (~1V ey () @ (ca)" =0,
a=1 a=1
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where we have used that ch;(.#*) = (—1)’ch;(.#) for all .Z in K(Zin)ﬁ. However,

G| IG| te]
Zchj(%a) ® (eq)" = Zchj(n(%,aa Zch ) ® €,
a=1

where the last equality holds because Irrep(G) is preserved by dualization. Plugging this into the
previous equation yields

@ B | B
>~ (0, 2a)) + (1Y ey (0(#,€5)) ) @ a = 0.

a=1

Given any W = ZB Whegs in Rep(G), apply n(W, -) to the previous equation to obtain the desired
result. g

4.5. Proof of the Main Theorem. We now proceed with the proof of the main theorem (The-

orem [L.23)).

Lemma 4.30. Suppose that the following equality holds in K(%in(m))g ® Rep(G):
O(Rm..7) =2 C[G|+ 7, (120)
where & belongs to K(%in(m))g and the G-invariant part 7€ of 7 vanishes:
T%=0.
Then
% = Rm.7.
Proof of Lemma[{.30, Consider the maps & e T ]in (m), where 7 := 7 o 7. Since
F = (7(F))°,
we see that
(®(Rm..7))¢ = ®(R7.((7.7)Y)) = RT.7.

Taking G-invariants of both sides of Equation (I20) and using the vanishing of .7¢, we obtain
the desired result. |

We are now ready to prove the Main Theorem (Theorem 23]). By Lemma [£.30, we need only
show that Equation (I20) holds, where

T == I (F)= > S (F), (121)
=1

. fcut S
Leut,g,n (m)

since S, (F) and S5 (F) are both G-invariant (see Equations (88) and (104)).
Suppose that for all v # 1 in G,

X (®(Rm..7)) va i (F))+ D X (Fr(F)), (122)

rerly .

then, by Equation (@) and the fact that every representation is completely determined by its
characters, it follows that the two sides of Equation (I06) must agree up to a term proportional

to C[G]; that is, Equation (I20) must hold for some % in K(]in(m))ﬁ.
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Therefore, we need to prove that Equation (I22) holds. This is an application of the Lefschetz-
Riemann-Roch Theorem (Theorem [Z]), which in this case says

X~ © (I)(Rw*eg.) = fy (RT"*(y))
= Rr] (L{(F))
B ) (%)
=- > R(7|p), <X7 o <I>()\_1(€D/£))) ' 12

components D of
the fixed locus

The components of the fixed-point locus are of two types: first, G-translates of the images D;
. —G . .

of the sections o;; and second, components of the nodal locus over .#Z¢ for certain choices of

I'eI'y,,. We will address the two cases in the next two subsections.

4.5.1. Contribution from the punctures. For each j € {1,...,n} the translates of D; which are
fixed by 7 are of the form gD;, where there is some choice of an integer [ with mé— = gyg~!. For
such a translate, the conormal bundle €;p /¢ is just the restriction of the canonical dualizing

bundle w, to gD;, and the element « acts on this conormal bundle as CJl = exp(—2wli/|m;|) # 1.
Moreover, the map 77 restricted to gD; is an isomorphism, and the translated section go; is its
inverse. Thus, the contribution to the LRR formula from this translate is
N S Y S e
Dx X~ © (b()\_l(chj/g)) 0~ Cl(U;WW) O — Cl%

The number of distinct translates of D; that correspond to a specific choice of mé is

(124)

Ze()] _ G|
[(ma)l 77l
(see [JKKOT, Pf of Lm 8.5] for details). So summing over all j € {1,...,n} and all contributions
from translates of D; gives

Gy Ly 07

|FY| j=1 ] ZE

o glz

On the other hand, it is well-known (e.g., [FH] ex 3.19]) that for any subgroup H < G and any
representation W € Rep(H), the character of the induced representation is
1G] Xo (W)
|H| 7l

Applying this to x (-7, (#)), and using Proposition &2}, we have

Xy (Ind (W) =
ceHNY

o (Fom, (F)) = '%'l z Fry (25, ¢)x (0(%))
el
il Z o - ag

This shows that the contribution from the punctures in the LRR formula (I23)) is precisely

3 (Fi, ()



34 T. J. JARVIS AND T. KIMURA

4.5.2. Contribution from the nodes. Let fcut S f‘cut%n (m) be a cut graph labeled with m on the

+ half of the cut edge, and labeled with m ™! on the — half, such that m! = v for some integer 1.
Let

31"(“"
chut - D+ |_| D gpcut

denote the union of the images of the tautological sections o1 and all translates of those sections
which have monodromy m on the + side and monodromy m~' on the — side. That is, D, is
the union of all Zg(m)-translates of the image of the section oy and D_ is the union of all
Zg(m~1)-translates of the image of o_.

Of course, the subgroup of Zg(m) which fixes a section is exactly (m), so Dy and D_ are each
principal Z¢g(m)/(m)-bundles over ]?wt.

Let I be the graph obtained by gluing the + and — tails of fcut, and let

~ IJr
Dy = fig,, (Dg, ) = &

denote the image of Dy under the gluing morphism Higs .

Every node fixed by ~ lies over the locus %? for some such choice of m, I, and Ceut. Indeed,
if there are no automorphisms of the graph I', then there are two choices of Fcut (correspondmg
to two choices of tail that could be labeled +) that give the same T and the same node. If I' has
an automorphism, then there is only one such Fcut.

It might seem more natural to index the fixed nodes by T instead of f‘cut, but that will cause
problems later, since we need to track the actual monodromy m of the node (which fcut does),
and not just its conjugacy class m (which is all that T can track).

We will use the following diagram throughout the rest of this section.

fig,., i © Jp
~ cu ~ C
Dl‘cut DF é"g
T | |ox s T . (125)
—aG HE.,, —G Iy —a
MT,, MT S My,

Remark 4.31. The reader should beware that although there are two tautological sections o4 :
///F — Dy C &, there is not necessarily a section of 7y : D — ///F

cut

Also, one should beware that the left-hand square of this rectangle is not Cartesian, and
the morphisms g — and mx are also not always étale. However, over the open locus //119 the

morphism pp_ forms a principal Aut(T') x Zg(m)/(m)-bundle, and the morphism mp forms a
principal Zg(m)/(m)-bundle. This follows because in each case the points in a given fiber are
all translates of one another, and a translate by g € G only has monodromy m if g is in the
centralizer Zg(m). Also, a translate by g is the same as the original node or mark precisely
if g € (m). Finally, the action of Aut(f) on a point [FE, ]31, . ,ﬁn,ﬁ+,ﬁ | is to interchange Py
and p_, whereas the action of Zg(m)/(m) takes [E,p1,...,Dn, Dy, D— ] to [Ey D1y -+ Pny, YD+, YD—]-
These actions clearly commute, and so iy~ forms a principal Aut(T') X Zg(m)/{m)-bundle.

The morphism gy s étale of degree 2| Aut(T)||Zg(m)/(m)]|, and Tg_ . is étale of degree
2|Zg(m)/(m)|. This shows that the K-theoretic push-forward R =75 | 1sjust |Za(m)/{m)]
times the pullback o3 + o

_ [Ze(m)|

Rry G = il (019 + 0" .7) (126)
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for any ¢ € K(Dg_ ).
Finally, it is known (See [FP) §1.1]) that the pullback to Dg_ of the conormal bundle of the

inclusion Dx LJF» &4 1s the sum of two line bundles

At €pe =Ly +L_ (127)

which have the property that
oLy +L) = 0" (Ly + L) = 0% (wey )+ 0" (wr ) =L +.Z. (128)
Using Diagram (I25) we see that the contribution to the LRR formula from D is

0(7)

(i)« R(75 )« <XV o @(A—l(ch/g))>

1 , - X+ (Zp;)
= —————(ix)«R(75 U *M* -
deg(quUt) ( F) ( Teu :) Teut Teut (X’Y o ‘I)(/\fl(Q:Di;/g))

1 ) X~ (F5,,)
= = U5)x U *,Rﬂ'~ " N*Cut
deglip,,) () T R, (xw SO0 Cpye))

_NZa(m)/(m)| o X (Fr,) - X (Fr,)

~ deg(ig_ ) p““*( * (xw‘b(k— (L++1L—))> - (xw‘b(k— (L++L—))>)
1 . <X7(0+*9‘fw +o_ *yfm)>

2] Aut(T)| " (L + L)

1 o o
- P euo >3 — | Xy (04" T +o0 " Tx ,
2| Aut(T)|" "o ((ﬁ_clg+> (ﬁ_c—l$_> W0+ T, Fcut)>

Now, for a given choice of node in & with monodromy m, there are exactly 2/| Aut(I')| choices
of Fcut labeled with m that correspond to the node, so summing over all possible nodes fixed by
~ corresponds to summing over all I'eyy and dividing by 2/| Aut(T cut)| Thus, for a given ~, the
contribution to the LRR formula from the nodes is

1 4 4 * gr_ * gr
>y Y e ((5) (5 e )

mGGl ml_ Fcute

Teut,g,n (mm,m™")

If we replace m by m’ € m, or if we replace v by v/ € 7 the bundles pfcut*z are unchanged,

and the terms of the form ¢!, are unchanged, so we can sum over m and [ such that m! € 7 and
divide by the order of the conjugacy class 7. Thus the contribution to the LRR formula can be
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rewritten as

1 1 o o
7 2 2 4T <<ﬁ—<l§+> (ﬁ—g—l.,s?
o
—¢ 2z

* *
X’Y(0+ yl—‘cut +o- eg‘rcl‘t)>
mleﬁ fcu':e
Fcut,g,7l(m)m7m71)

N

Teue L tey

l$> X’Y(UJr*jfcut + U*‘g\fcut)>
Fcut,g,n(m)

m
= Z | +| X'YIG Ind<07n+> P (6m+6m* (O.Jr*jfcut + Uﬁ*ﬂfcut))

4lG|
_ Teus€
Teut,g,n(m)
= Z X’nycut (y)' (129)
- fcute

Fcut,g,n (m)

This completes the proof of Theorem [4.23]

4.6. Group automorphisms and the Hurwitz-Hodge bundle. In this section, we study the
action of the automorphism group of G on the moduli space of G-covers and the Hurwitz-Hodge
bundle.

Let G be a group. Let Aut(G) denote the automorphism group of G. Given any element ~ in
G, the map Ad, : G — G, which takes m — ym~y~! for all m in G, is an inner automorphism
of G. The group In(G) of of all inner automorphisms of G is a normal subgroup of Aut(G). The
outer automorphism group Out(G) of G is the quotient group Aut(G)/In(G).

We will now describe an action of Aut(G) on 7° and My (BG). Let (E,0;p1,---,Dn)

g,n
denote a pointed admissible G-cover with monodromies m = (my, ..., m,), where the G-action
on E is denoted by ¢ : G —— Aut(E). Given any 6 in Aut(G), (E,0007%;p1,...,pn) is also a
pointed admissible G-cover, but with monodromies #(m) := (8(m;),...,0(m,)). Furthermore, if

f : (Ea Qaﬁlaaﬁn) - (Elagl;ﬁv"'vi)/ln)

is a morphism which is G-equivariant with respect to the G actions ¢ and ¢, then the same map

fi(E, 0007 01, ...,pn) — (E', 0007 Y p),...,D,) is G-equivariant with respect to the pof~!

and ¢’ 0 =1 G actions. Hence, Aut(G) acts on the category of pointed admissible G-covers.
Since the same discussion applies to families of (pointed) admissible G-covers, we obtain an

action L : Aut(G) — Aut(]in) of Aut(G) on ]im via

L(0)(E; 0;P1, .-, Pn) = (E; 0007 P1, ..., Pn).

Furthermore, for all m in G", we have L(#9) : ]in(m) — ]inw(m)).

The action of Aut(G) on A, ,(%G), also denoted by L(0) : M yn(BG) — M 4.,(BG),
is defined in the same way. Since 0 respects the conjugacy classes of G, it induces an action on
G. Therefore, L(6) takes 4, ., (BC; ) — M 4, (BG;0(T)) for all M in G, where 0(Tm) is
defined by acting with § componentwise.

A similar construction endows the category of G-modules with an action of Aut(G). There-
fore, Rep(G) is an Aut(G)-module, where the map L(6) : Rep(G) —— Rep(G) preserves the
multiplication, the pairing, and dualization on Rep(G).

This action of Aut(G) on Rep(G) factors through the action of Out(G), since if p : G — Aut(W)
is a G-module and # = Ad, is an inner automorphism for some 7 in G, then g o Ad -1 :
G — Aut(W) is another G-module which is isomorphic to g under the isomorphism o(7).
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The action of Aut(G) on ¢ induces an action of Aut(G) on K¢ (A4, ,,) and K(//lfn) and

a,mn
the map ® : K¢ (]fn) — K(]in>ﬁ ®Rep(G) is Aut(G)-equivariant. Since the monodromies
change by conjugation under the action of an inner automorphism, In(G) need not act trivially

upon K¢ (4, ,,) or K(%fn) However, if § = Ad, is an inner automorphism, then #(Mm) = m
and L(Ad,) : M g, (BG) —> M ,,(BG) induces the identity map on both Kg(A ,,(BG))

and K (A 4,(#Q)), since twisting the group action ¢ by an inner automorphism Ad, yields a
new group action g o Ad,-1 = o(y™1) o 0o o(7) that is isomorphic to ¢ via the isomorphism

o(7). Therefore, the action of Aut(G) on Kg(A 3,(#AG)) and K (A 4 ,(#G)) factors through
an action of the outer automorphism group Out(G).

Proposition 4.32. Let L : Aut(G) — Aut(Kg(%in)) be the action of Aut(G) induced from
its action on %qcn Let L : Aut(G) — Aut(Kq(&)) be the action of Aut(G) induced from its

action on the universal G-cover & —— %in'
For all 0 in Aut(G) and .F in Kg(&), the following properties hold:

(1) We have the equality in Kg(///in)
L(0)Rn,.Z = Rr.L(0).7. (130)

In particular, the class of the Hurwitz-Hodge bundle Z in Kg (]fn) satisfies

LO)Z = %. (131)

Furthermore, Equations (I30) and (I31) continue to hold if ]i
by M 4.n(BG) above.
(2) Foralli=1,...,n and m in G", we have the equality in K(%in(ﬁ(m)))g ® Rep(G),

n U8 everywhere replaced

L(0)Sm (F) = Fom) (L(0)F). (132)
(3) For all Teny in Teyt,gn(m), we have the equality in K(%;n(ﬁ(m)))g ® Rep(G),

L(O)S5., (F) = Ly, (LO)F), (133)

Fcut

where 9(fcut) m f‘cut,gyn(G(m)) replaces all decorations of fcut by their images under 6.
(4) Using the notation from Theorem[{.23 and Corollary [{.24) the following equalities holds

in K(A, ,,(6(m)))s ® Rep(G):

n

L(O)®(Rm.7) = ReZ @ C[G] = Y Lomp(LOF) = Y Sy

w0 (LO)F),  (134)

=1 fcut S

Teut,g,n(0(m))
and

L(0)®(#) = 0 @ C[G/Go| + (% — 0) @ C[G] + Zn: Somy+ D Tr

_ fcute
Peut,g.n (6(m))

(135)

cut
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Proof. Consider 6 in Aut(G). We have the commutative diagram

&(m) —2O L 5(9(m))

Tm TG (m) (136)

7 (m) 2O 7 (o(m)),

where 7y and Tg(m) are the universal G-covers and Z(H) is the canonical lift of the isomorphism
L(9). Furthermore, L(f) takes the G-action on &(m) to the G-action on &(6(m)), i.e., if om :
G — Aut(&(m)) and gg(m) : G — Aut(&(6(m))) are the group actions, then

20(m)(7) = L(6) © om(7) o L7(0)

for all v in G. In other words, E(O) is a G-equivariant isomorphism which induces the isomorphism

L) : Kg(&(m)) —» Kg(&(A(m))). Equation ([I30) follows from the fact that L(6) and L(6)

are G-equivariant isomorphisms for all § in Aut(G). Equation (I31) arises when % is chosen to

be the structure sheaf . The same arguments hold for .# ,,(%G). This proves the first claim.
The second claim follows from the fact that the action of Aut(G) on Rep(G) takes

Ind VE — Indg,,) Vi,

while the action of L() on %;n (m) — %;n@(m)) preserves .%; for all i € {1,...,n}, since

the definition of ., in K (]fn) is independent of the G-action. This proves the second claim.
The proof of the third claim is similar.

The proof of the last statement follows from the fact that the commutative diagram (I30])
has rows that are isomorphisms and Z(G) is G-equivariant. Therefore, in the proof of Equation
({I07), each of the terms is mapped to its counterpart by L(6) in the Lefschetz-Riemann-Roch

Theorem. O

5. Two CHERN CHARACTERS OF THE HURWITZ-HODGE BUNDLE

G

In this section, we introduce certain tautological classes on ]gm and calculate the Chern

characters, ch and ch, of the Hurwitz-Hodge bundle %. There are actually at least two distinct
ways to compute the Chern character of the Hurwitz-Hodge bundle. The first method is to use
Grothendieck-Riemann-Roch and adapt the arguments of [Mu83], §5] to obtain ch(Z#). However,
this will not yield any information about the representations of G. Our second method of com-
puting the Chern character is to apply a more refined Chern Character ch to Corollary
which permits us to track the representation theory. We will show that the former result can be

obtained from the latter.

5.1. Computation of the Chern character using GRR. We continue to use the notation
r; = |m;| and ro = |m4| = |m_|.

Applying the Grothendieck-Riemann-Roch theorem directly to the definition of the Hurwitz-
Hodge bundle yields the following theorem.
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Theorem 5.1. The Chern character ch(%# ) of the dual % of the Hurwitz-Hodge bundle on ///
satisfies the following equality in A® (///fn)

ch(j):|G/Go|+ZBéT(|O) _1+Z| P!
=1 )

1 -2
-5 > Te 5 PF <Z 1)1yl q) . (137)

Fcutercut(m) + q=0

— —G
as in Section [{.4}, over each connected component Ny ,(m) of A, (m), we denote by Go the
subgroup of G which preserves a connected component of a fiber of the universal G-curve over
N gn(m), and the sum over q is understood to be zero when ¢ = 1.

Proof. Recall the diagram (I25]) used in the proof of the main theorem.

- ufcut o D~ (—zf © ]f‘ éa
Peut r )
chut O+ 7T’1—“ ™
—G ufcut —G lf —G
%Fcut > %F = > %g,n

The singular locus, Sing, of & consists of the union of the images of all the loci D_ in &, but
) = i 0 jfs o li
of T', since there is a choice of which side of the cut edge to label with +.

Let Cging be the conormal bundle of the singular locus Sing in &, and let P be Mumford’s
polynomial [Mu83, Lem 5.1]:

each of these loci pr_ (Dp (Dg_.,) appears twice if there are no automorphisms

cut cut

— )éBe( ) (AT + A5
P(A1 + Ay, Ay - Ag) = E
P(A;1 4+ Az, Ay - Ag) A+ A

=1
using the convention that

(Afl + Blfl

118 ):20 when ¢ = 1.

Notice that if s > 1 then

A 4 BS) § L
AT N (C1yrarpeia, (138)
() =2

The Grothendieck-Riemann-Roch theorem states that

ch(Rm.wy) = Tx(ch(wy)TdY ().
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Combining the argument of [Mu83| §5] with an argument similar to that given in Equation (I29),
we have

o~ (=1)°Be(0) .
ch(Rmwy) = ; Tﬁg_l + 74 (TAY (Osing) — 1)

=1

0o e
— Z (1)6#(0)%71 + m P(c1(€sing), c2(Csing))

| Aut(D)]
OB, AeDl 5
=1 ’ fcut chut,g,n (m)

if*wf*P(cl (Q:Df/g

),CQ(QDf/g))

| Aut(T)| >

Ky_ P
' 2deg(np, )

=1 cut fcutefcut,g,n(m)

i TR A, iy Ple(€og, ), e2(€py )

=
&=

= (C)'B0), | Au(D)] o , ,
=) g Rt 2deg(ii5 ) > iR, Pl O, ) el Coy,)
: Teut

fcuc: efcut,g,n(m)
| Aut(T)| _ _
Z pfcut *chut * P(Cl (/L%cut Q:Dl:/g )’ ¢z (lu%wt Q:Dl:/g ))

Kg1T™ 57—~
2deg(fir,, ) & F

=
KUl

=B, - (Pler(7 B
= Z 7'%2*1 + Z Z pfcut* (0-Jr (P(Cl (Mfcut ch/g)’ €2 (Mfcut ch/g))
le fcut efcut,g,n (m)

ot (P(a(fie, €p, ) erlit Eny),)))

oo g ~ ~ o~ ~
— Z M:‘%,l + 1 Z P« (P(¢+ + w—ﬂb#ﬁ—))

i 2 _
le Fcutercut,g,n(m)
= (-)BO [, 1 (S,
N AR D DI G
=1 : Tout €T cus (m) Vo -

Now using Equation [@3) to relate &, and Mumford’s &/, we have

n

. G| ~,_
5571—2%‘% !

1 -1 Nlifl
+§ Z PE.. <u> . (139)

fcchfcut(m) 1/}+ + 1/}7

Applying the relations between 7:/;1 and ; given in Equation (44]) and the relations between & and
k given in Equation (@8] we get,

00 4ne
ch(Rmuwy) = Z(l)[#(o)
£=1 '

1 1\ 2 wi—1+¢é_—1
o 2 () ”(W

fcut efcut (m)

" G|,
|G|ne,1—ZL7'wf '

i=1 ?




RIEMANN-HURWITZ THEOREM 41

Finally, we have R'7, (w,) = a@, where « is the number of connected components of a fiber of &

— —G
over a general point of a given connected component .4 ,(m) of .4, . Since a = |G /Gy, this
finishes the proof. O

5.2. Computation of the the Chern character using Corollary 4 In this section,
we will compute the Rep(G)-valued Chern character ch(%) of the Hurwitz- Hodge bundle using
Corollary
Definition 5.2. Define the formal power series

1 ev-1
B(u,0)  u

Au) == (140)

in Q[[u]].
Remark 5.3. The Todd class Td(L) of a line bundle L is B(—ci(L),0) = A=Y (—cy(L)).
Lemma 5.4. For all Ty € f‘cut7g7n(m, my,m_), let F be any element of K (%?Cm). We have

ch (pf *ﬁ‘):pf . |:ch(ﬁ)A<M>:| (141)
cut cut |m+|
Proof. Throughout this proof we will refer to Diagram (I25). Let Ty = Q} denote the relative
tangent bundle of a morphism f and 91; = —7T; denote the normal bundle of a regular embedding
i. We have
1 *
ch(Pfcut*«?) = deg(wl:m)Ch(pf““”*wf“m*wfcuty)
1 v~ N
B deg(ﬂfcut) Ch(ﬂ—*zf*]f*ufcut*ﬂ—fcut y)
1
= ————m (ch L F)Td ()
deg(mg ) (C CRTNT £ 7 )T (Q)
1 -~ ~ * v
B deg(ﬂ’fcut)ﬂ-* (zf*]f* (Ch(ufm‘t*ﬂ-fcuteg.)Td( m}j ; )) Td (Qﬂ'))
1 -~ ~ v
~ deg(mp ) (7.5 (Br.,..ch(rs, Z)TA(= 5 )) Td (@)
1 ~ Y o~ ey y
- deg(ﬂ-fcm)W*Zf*]f*ufcut* (Ch(ﬂfcut )'ufcuc ( m~ 7 )'uf‘c c']FZFTd (Q ))
1 o s
- deg(ﬂ'fcuc)pfcut*wfcut* (Ch(ﬂfcut j)'u’f ( m~ 7 ):u’F cut .]FZFTd (Q )) 5

where the third and fourth equalities use the Grothendieck-Riemann-Roch Theorem, the fifth
uses the fact that iz  is étale, and the sixth uses the projection formula. Using Equations (28]
and (I28), we now have

|Zg(m4)| . v
- F) = - * * * * -
ch(ps  ,F) o deg(ﬂ'fcut)pp“"‘“*(mr +o7) (ch(wpcutf)MFCutTd( R )chuchZFTd (Qr ))
_ 1 h(%)o* p& Td(-N “TdY (Q
= 5P |(h(F)oLii | TA(= 5 Yoz GEinTd ()
+(ch(y)aiﬁ§ TA(-% 5 )o ik szFTdV(Qﬂ))}
[(ch(#)Td" (~Z: — Z0))o it TeieTd" (2x))

+ (eh(F)TdY (~Zs — L))o iz, GrieTd ()

1

cut *
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By a simple argument given in [Mu83] §5], the term Td" (£2;) can be written as
Tdv (Qﬂ-) - Tdv (Ww)Tdv(_ﬁSing>;

where Oying = ngf*}f* ﬁpf. But by the residue map, we also have }*;*w,, = ﬁpf, from which
we deduce

oLpE JEETdY(Qr) = TdY(—olifit  jEitin,jF,Op;)
= Td"(- Uiﬂ; l(mifjf))
= TdY(-\ —1(oips O Ef))
= Td'(-A1 (L +.20))

= Ta' (-(1- 20 -2))

= Td" (—1+Z+Z—Z®.§_)

Ay +¢-)
A1) A(Y-)
Plugging this back into our earlier calculation gives the desired result. O

Theorem 5.5. The Chern character, ch(%# ), of the dual Hurwitz-Hodge bundle in A® (,///Gn(m))@)

Rep(G) is

n

ch(%) = 1® C[G/Go] + (ch(#) — 1) @ C[G] + Y _ ch(Fn,) + > ch(S5 ), (142)
=1 fcutefcut,g,n(m)
where ch(S1n,) and ch(S5_ ) are given explicitly as follows:
For alli=1,...,n we have
1 1
— G - -
() = Wi (g ~ Clomll 5 ) (143
ri—1
o explki/r) =1 o &
k=0 !
ri—1 oo
= Z Z ]+1 k//rz 1 B]+1 (0) Q/J_Z] Ind<Gm1> Vf;ll (145)
k=0 5=0 '] + )
in A*(A, ,(m)) @ Rep(G) for all i =1,...,n
Similarly, for all fcut mn f‘cut,g,n(m, m4,m_) we have
r m
h(Fr.) =~ Al (a,,) 17+ (eh (S, Jeh(Sm )A((Wy + ) /r4))
in A'(%in(m)) ® Rep(G), and
T4 — T4 — 1 o0
"exp(kip /r4) — Bji( k/T+ — Bj11(0) <k
n(S,)= Y 33 VLVE. (1)
= exp(Pi) —1 Pt G+ D!
In addition, ch(S5 ) can be rewritten as
ry—1 . .
() = g 0 Sl VE Bk Y (D (W)
k=0 j>1 J++i-=j—1

J+>0
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Proof. Equation (43 follows from the definition of .%,,,, given in Equation (8H]), from the relation
between 1; and 121 given in Proposition (3.6)).

Equation ([I46]) follows from Equation (I41]) and the fact that the Chern character is a ring
homomorphism.

We will now prove Equation (I47). Equation (I41]) implies that

ch (i (K780, 8 )) = o1, (Cr €575/ Vi DA (s + ) 14).
We have
Cr, (e¥+/m ="+ Vo VA (Ws +9-)/74)

r+—1 ekbe/re 1 elra—k)o—/ry _
Z Vm+z/1 (_ w1 T e¥- —1 )

’I"+71

= ; meﬁ —1—|—j§ |:6Bj+1(k/r+)wi+5'8j+l(l_k/T'+)’(/J‘Z:|
ry—1

= Z Vo g 7 + 1/) —~1+0B1(k/ry) +0B1(1 = k/ry) + ; 6Bjy1(k/ry) (wi 1 (_1)j+1¢{)
" _1 ) . .

— < k ‘ wi_ + (1)t 1y

- 22:1 Y ;maBﬁlWh) Yy + Y-

where we have plugged in the definitions and canceled the numerator of A with the denominator
of C,, in the first equality and we have used Equation (68) in the second. In the third and fourth
equalities, we have used Equation (Z0). But for all j > 1,

v+ (Y i 1\
— v = Y el (- (148)
+ B Jy+i-=j—1
j+>0
Plugging this in and then applying — 2‘ G‘ Ind<m+> yields Equation (I47). O

5.3. Relating the Chern characters of the Hurwitz-Hodge bundle. It is not a priori
obvious that the two ways of computing the Chern character are consistent. We will now show

—G
that one is a special case of the other, that is to say, that the Chern character ch : K(.# )5 ®

Rep(G) — A* (%G

g4,n) can be obtained from the Rep(G)-valued Chern character ch via

ch = x; o ch. (149)
Proposition 5.6. Applying x1 to Equation (I}3) yields Theorem[Z 1 We also have the following
equalities in A'(%in (m))

= 3161y — 1y B0 (150)

T
7j>1 J:

1 2 Bi(0), 5 o
() = —gp | 2 G — ) (151)
j=1
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for all Teye i eyt g (m,my, m_), and

o) n j—2
B y (0) i—1 T2 ? j—2—
ai=gr SO0 | St 5 e (Seame)|,
Jj=1 i=1 fcut Efcut,g,n (m) q=0
(152)
where it is understood that the sum over q vanishes when j =1 in the last two equations.
Proof. We first observe that for all m in G and k =0,...,|m| -1,
G
allndfyy Vi) =12 (153)

Comparing Equations (73), (74, and Equation (I43) yields Equation (I50).
To prove Equation (I51), we apply x1 to Equation (I4T) to obtain

ch(S% ) = xa(ch(FF, )

=@(—;|fg|)m21263j+1<k/r+> > v e, ()

T+

k=0 j>1 rtio=j—1
Jj+>0
’I‘+—1
- ‘ —
:_7+ > 5Bj+1(k/7‘+)1 DR G VT (Wﬁwi)
i>1 L k=0 J++ti-=j—-1
Jj+=>0
T B; 1(0) i . i i
=Y FES T ) Y (e, (vEe)
2 4 (]+1) ) —t cut
Jjz1 J++i-=j—-1
Jj+=>0
1—j 2
ry” — 13 Bja(0) j—1—j ( It j—)
_ _ 1)1t e
2 2 G+l 2. (1 P (W ¥
jz1 J++i-=j—1
Jj+2>0
1—j5 2
ry " =15 Bita(0) j (j jo
— _ —1)+p= + )
D R ey D DR e At e
j=1 J+i-=j—1
Jj+2>0
2—j 2
¥ _ 2 B.(0 : o
D IR M A S (CE
i>2 T vii=ie
Jj+=>0

where we have used Equation (72)) in the fourth equality, and have used the fact that B;11(0) =0
unless j > 1 is odd in the sixth equality. This proves Equation (I5I)).
Finally, on .# .., we have the usual formula due to Mumford

n £—2
—hea Y U - % D Pres (Z(—l)qwi ‘L“ﬂ . (159)
=1

Teut q=0

(@) =g+ 2 ‘2(,0)
=2

Applying st*, we obtain Equation (I52)) after using Equation (33), which in this case gives

2
st* (% Z Prcut*Win)) = Z %Pfcm*Oﬁﬂﬁi)- (155)

Ceut T

cut

Now, plug in Equations ([I50), (I5I), (I52) into Equation (I43) and use that the rank of

C[G/Gy] is % and we obtain Theorem [B.11 O
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Corollary 5.7. We have the identities

|mi|—1

~ 1 "1 E(k — |mq])
h, (%) = ——C[G —C[G Indf, , VE ———— ;
chi(%) = —5C| ]®m+; SClG)+ ; ndin Vi, =g | €
-1 (156)
[ "k —lmi]) g k
— Cl& ——— Ind v = 1
B yz 24|G] [G] + Z 4[G] nd ) Vi, | @05, (1)
Fcutercut,g,n(m) k=0
and
> G| ~ |G| 1
h(Z) = —— —— 1 — —p= 1). 157
C 1( ) 12 K1 + Z 12|m1|2¢ B NZ 24prcut*( ) ( )
i=1 Fcutercut,g,n(m)
Proof. Since Ba(z) — B2(0) = 22 — x, Equation (I47) yields
ry—1
1 +
P HECIEDS el > k(k = |ma|)IndG,, Vi, @ gL (1).
fcut fcut k=0
Now plug in
L - [ |?
chy(#) = (k14> thi— > Pr e (1)) (158)
12 p = 2|G| "Hem
from part of Equation (I52)) to obtain the desired result.
The second equation can be obtained from the first by applying x;. O

Remark 5.8. In the special case that G = {1}, Equation (I51) reduces to the well-known relation
[Mu77, pg. 102

- 1
12X =K1 — > i+ 3 > praes(). (159)
=1

l—‘cut Ercut,g,n

To see this, recall that A\; 1= —¢; (@) and that Mumford uses the class we call k] instead of x1,
which is why the equation here differs from his by the term >, 1.
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