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ERGODICITY OF THE 3D STOCHASTIC NAVIER-STOKES
EQUATIONS DRIVEN BY MILDLY DEGENERATE NOISE

MARCO ROMITO AND LIHU XU

ABSTRACT. We prove that the any Markov solution to the 3D stochastic Navier-Stokes
equations driven by a mildly degenerate noise (i. e. all but finitely many Fourier modes
are forced) is uniquely ergodic. This follows by proving strong Feller regularity and
irreducibility.

1. INTRODUCTION

The well-posedness of three dimensional Navier-Stokes equations is still an open prob-
lem, in both the deterministic and stochastic cases (see [9] for a general introduction to
the deterministic problem and [14] for the stochastic one). Although the existence of
global weak solutions have been proven in both cases ([18], [10]), the uniqueness is still
unknown. Inspired by the Hadamard definition of well-posedness for Cauchy problems,
it is natural to ask if there are ways to find a good selection among the weak solutions
to obtain additional properties, such as Markovianity or continuity with respect to the
initial data.

Da Prato and Debussche proved in [3] that there exists a continuous selection (i. e. the
selection is strong Feller) with unique invariant measure by studying the Kolmogorov
equation associated to the stochastic Navier-Stokes equations (SNSE). Later Debussche
and Odasso [6] proved that this selection is also Markovian. However, their approach
essentially depends on the non-degeneracy of the driving noise. A different and slightly
more general approach to Markov solutions, which includes the cases of degenerate noise
and even deterministic equations, was introduced in [14]. Under the assumption of non-
degeneracy and regularity of the covariance, the authors also proved that every Markov
solution is strong Feller. Under the same assumptions every such dynamics is uniquely
ergodic and exponentially mixing ([22]). However, both approaches rely on the non-
degeneracy of the driving noise to obtain the strong Feller property, and consequently
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ergodicity.

The strong Feller property and ergodicity of SPDEs driven by degenerate noise have
been intensively studied in recent years (see for instance [3],[16], [7], [17], [21]). For
the two dimensional case there are several results on ergodicity, among which the most
remarkable one is by Hairer and Mattingly [16]. They prove that the 2D stochastic
dynamics has a unique invariant measure as long as the noise forces at least two linearly
independent Fourier modes. In this respect the three dimensional case is still open (only
partial results are known, see the aforementioned [3], [14], [22], see also [21], [20]) and
this paper tries to partly fill this gap. More precisely, we will study the three dimensional
Navier-Stokes equations

i —vAu+ (u-V)u+ Vp =1,
(1.1) divu =0,
u(0) =z,

on the torus [0,27]® with periodic boundary conditions and forced by a Gaussian noise
7. We assume that all except finitely many Fourier modes are driven by the noise, and
prove that any Markov solution to the problem is strong Feller and ergodic.

Essentially, our approach combines the Malliavin calculus developed in [3] and the
weak-strong uniqueness principle of [14]. Comparing with well-posed problems, the dy-
namics here exists only in the weak martingale sense and the standard tools of stochastic
analysis are not available. Hence, the computations are made on an approximate cutoff
dynamics (see Section 2.3), which equals any dynamics up to a small time. On the
other hand, due to the degeneracy of the noise, the Bismut-Elworthy-Li formula cannot
directly be applied to prove the strong Feller property. To fix this problem, we divide
the dynamics into high and low frequencies, applying the formula only to the dynamics
of high modes (thanks to the essential non-degeneracy of the noise).

Finally, we remark that, at least with the approach presented here, general results
such as the truly hypoelliptic case in [16] seem to be hardly achievable. Here (as well as
n [11]) the strong Feller property is essential to propagate smoothness from small times
(where trajectories are regular with high probability) to all times. To overcome this
difficulty and understand how to study the general case, the second author (with one of
his collaborator) is proving in a work in progress ([!]) some results similar to those in
this paper, via the Kolmogorov equation approach originally used in [3].

The paper is organized as follows. Section 2 gives a detailed description of the problem,
the assumptions on the noise and the main results (Theorems 2.4 and 2.5). Section 3
contains the proof of strong Feller regularity, while Section 4 applies Malliavin calculus
to prove the crucial Lemma 3.3. Section 5 shows the irreducibility of the dynamics, the
appendix contains additional details and the proofs of some technical results.
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2. DESCRIPTION OF THE PROBLEM AND MAIN RESULTS

Before stating the main results of the paper, we recast the problem in an abstract
form, give the assumption on the noise and recall a few known results.

2.1. Settings and notations. Let us start by writing (1.1) in an abstract form, using
the standard formalism for the equations (see Temam [26] for details). Let T3 = [0, 27]?
be the three-dimensional torus, let H be the subspace of L?(T3;R3) of mean-zero
divergence-free vector fields and let P be the projection from L?(T?, R?) onto H. Denote
by A the Stokes operator (that is, A = —PA is the projection on H of the Laplace op-
erator) and by B(u,v) = P(u- V)v the projection of the nonlinearity. Following Temam
[26], we consider the spaces V,, = D(A%*/?) and in particular we set V = V;.

Problem (1.1) is recast in the following form,

{du + [vAu + B(u, u)] dt = Q dW,

1) u(0) = x.

where @ is a bounded operator on H satisfying suitable assumptions (see below) and W
is a cylindrical Brownian motion on H. In the rest of the paper we shall assume v = 1,
as its exact value will play no essential role.

Consider on H the Fourier basis (ex)gezs defined in (A.1) and, given N > 1, let
nn : H — H be the projection onto the subspace of H generated by all modes k such
that |k|eo := max |k;| < N.

Assumption 2.1 (Assumptions on Q). The operator Q : H — H s linear bounded and
there are ag > % and an integer Ng > 1 such that

[A1] (diagonality) Q is diagonal on the Fourier basis (ex)rezs,

[A2] (finite degeneracy) mn,Q = 0 and ker((Id — mn,)Q) = {0},

[A3] (regularity) (Id — 7y, ) A%+3/4Q is bounded invertible (with bounded inverse) on
(Id — 7Ny )H.

Further details can be found in Subsection A.1. We only remark that [A3] is essen-
tially the same as in [14] (we restrict here to ag > 3 for simplicity), while [A2] is the
main assumption. The restriction 7n,Q = 0 in [A2] (as well as property [Al]) has been
taken to simplify the exposition.

2.2. Markov solutions. Following the framework introduced in [14] (to which we re-
fer for further details), we define the weak martingale solutions to problem (2.1) (cfr.
Definition 3.3, [14]).

Definition 2.2 (Weak martingale solutions). Given a probability measure u on H, a
solution P to problem (2.1) with initial condition p is a probability measure on 2 =
C(]0,00); D(A)") such that

(1) the marginal at time ¢ = 0 of P is equal to p,

(2) PL75([0,00); H) N LE,.([0,00); V)] = L,

loc loc
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(3) For every ¢ € D(A), the process
t

t
M = (6 — €0, 6)i + /0 (60 @)y ds — /0 (B(Es, &), 11 ds

is square integrable and (Mf5 , Bt, P)y>0 is a continuous martingale with quadratic
variation ¢|Q¢|%,

where (& );>0 is the canonical process on € and B; is the Borel o-field of C([0, t]; D(A)").

A Markov solution (Py)zepm to problem (2.1) is a family of weak martingale solutions
such that P, has initial condition d, and the almost sure Markov property holds: for
every © € H there is a Lebesgue null-set T,, C (0, 00) such that for every ¢ > 0 and all
s¢T,,

(2:2) EP[¢(61s)|Bs] = B [6(¢)],  Pr—a.s.

Existence of at least a Markov solution is ensured by Theorem 3.7 of [14] (see also [12],
[15]), for weak martingale solutions that satisfy either a super-martingale type energy
inequality ([14]) or an almost sure energy balance ([24]). More details on the martingale
problem associated to these equations can be found in [23]. Given a Markov solution
(Py)zeH, define the a. s. transition semigroup Py : By(H) — By(H) as

Pig(z) = B [(&))-

Thanks to (2.2), for every x € H, there is a Lebesgue null-set T, C (0,00) such that
Piiso(x) = PsPip(x) for all t > 0 and all s & T).

2.3. A regularized cut-off problem. The dynamics (1.1) is dissipative, hence it is
possible to prove existence of a unique local solution up to a small random time. Within
this time, the solution to the following equation (2.3) coincides with any Markov solution.
Let us make this rough observation more precise.

Let x : [0,00) — [0, 1] be a smooth function such that x(r) =1 for r < 1 and x(r) =0
for r > 2. Set

W=V

20ro+%’

W=V

oo+30 —(2a0+1)

WwW=1V,

(where a is the constant in the Assumption 2.1). Given p > 0, and = € W, consider

du? + [AuP + B(u”,u”)x(mgﬁ)] dt = Q(uP) dW,

(2.3) P
u?(0) = =,

where
Q) =+ (1-x()g

and @ is a non-degenerate operator on my, H (see (A.2) for a detailed definition). It is
easy to see that QQ(u) is non-degenerate as |u|y < p.

Theorem 2.3 (Weak-strong uniqueness). For every x € W, there exists a unique weak
solution to (2.3) so that the associated distribution Py satisfies PY[C([0,00); W)] = 1.
Moreover, given p > 1, define 7, : Q — [0, 00] by

ralw) = inf{t = 0 [w(t)hw > o},
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(and T,(w) = oo if the set is empty). If v € W and |z|y < p, then on [0,7,], Pf
coincides with any Markov solution (Py)zew of (2.1), i. e., for allt > 0 and ¢ € By(H),

(2.4) E™ [0(6) 1, 2] = E™[6(6)1 (7,21
Finally, if |x|w < p, then
(2.5) lim P/, [, > ] = 1,

uniformly for h in any closed subset of {h € W : |x + hlw < p}.

Proof. Existence and uniqueness for problem (2.3) are standard, since the nonlinearity
and the operator Q(u”) are Lipschitz. Let u” be the solution to problem (2.3) with
Q(u”) replaced by @, then 7,(u”) = 7,(u”). By pathwise uniqueness, u”(t) = u”(t) on
[0,7,]. This immediately implies (2.4) and (2.5) by Theorem 5.12 of [14].

2.4. Main results. The strong Feller and ergodicity results of [14], [13], [22] are ob-
tained under a strong non-degeneracy assumption on the covariance. This paper relaxes
this assumption, as shown by the following results.

Theorem 2.4. Assume Assumption 2.1. Let (Py)zem be a Markov solution to (2.1),
and let (Py)i>0 be the associated transition semigroup. Then (Pi)i>o is strong Feller in

W.

Proof. The theorem is a straightforward application of Theorem 5.4 of [14], once Theo-
rems 2.3 and 3.1 are taken into account. U

Theorem 2.5. Under the same assumptions of the previous theorem, every Markov
solution (Py)zemr to (2.1) is uniquely ergodic and strongly mizing. Moreover, the (unique)
invariant measure p corresponding to a given Markov solution is fully supported on W,
i. e. u(W) =1 and p(U) > 0 for every open set U of W.

Proof. Given a Markov solution (P,)zcm, there exists at least one invariant measure
(Theorem 3.1, [22]). Uniqueness follows from Doob’s theorem (Theorem 4.2.1 of [1]),
since by Theorem 2.4 and Proposition 5.1 the system is both strong Feller and irreducible.
The claim on the support follows again from Proposition 5.1. U

Remark 2.6. The strong Feller estimate on the transition semigroup can be made more
quantitative with the same method used in [13], but unfortunately this only gives a
Lipschitz estimate for the semigroup up to a logarithmic correction (compare with [3]).

Moreover, by Theorem 3.3 of [22], the convergence to the invariant measure is ex-
ponentially fast, if the Markov solutions satisfy an almost sure version of the energy
inequality (see [22], [24]). The theorem in [22] is proved under an assumption of non-
degeneracy of the noise, but the only arguments really used are that the dynamics is
strong Feller and irreducible.

3. STRONG FELLER PROPERTY OF CUTOFF DYNAMICS

This section will mainly prove the following theorem:

Theorem 3.1. There is pg > 0 (depending only on Ny and Q) such that for p > pgy the
transition semigroup Pf associated to equation (2.3) is strong Feller.
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Fix N > Ny (whose value will be suitably chosen later in Proposition 4.5). In this
and the following section we shall denote with the superscript L the quantities projected
onto the modes smaller than N and with the superscript H those projected onto the
modes larger than N. We divide the equation (2.3) into the low and high frequency
parts (dropping the p in uf for simplicity),

{duL + [Aul + By (u, u)x(142)] dt = Qp (u)dWF

du' + [Au™ + By (u, u)x(42)] dt = Qud Wi

(3.1)

where vl = myu, v = (Id — 7n)u, W = oyW, WH = (Id — 7§)W, By, = 7y B,
By = (Id — 7ny)B, Qr(u) = Q(u)ny and Qg = Q(u)(Id — 7). In particular, Qg is
independent of w.

With the above separation for the dynamics, it is natural to define the Frechet deriva-
tives for their low and high frequency parts. More precisely, for any stochastic process
X(t,x) on H with X (0,z) = =, the Frechet derivative D, X (¢, z) is defined by

X(t h) — X(t
DyX (t,) = lim (b tch) = Xha) ) g
€—

€

provided the limit exists. Moreover, it is natural to define the linear map DX (¢, x) :
H — H by
DX(t,x)h = Dp X (t,x), he H.
One can easily define Dy X (¢,z), Dy X(t,z), DL X" (t,2), Dy X*(t,r) and so on in a
similar way, for instance, Dy X*(t,x) : HY — H" is defined by
Dy XEt(t,x)h = Dy XT(t, z), he HY

with Dp X% (¢, ) = 2 lime o[ X (¢, 2 + eh) — XL (¢, 2)].
Let CF(W) be the set of functions on W with bounded 0-th, . . ., k-th order derivatives.

Given a ¢ € C} (W), for any h € W, the derivative of ¢)(z) along h, denoted by Dy (),
is defined by

Due) -t KO+ ) = 00e)
€— €

Clearly, the map Dy(x) : W — R, defined by Di(x)h = Dpip(x) for all h € W, is

linear bounded. Hence Dv(x) € W'. Similarly, Dyi(z) and Dy (x) can be defined

(e.g. Dpyp(x)h = lime_ o[t (x + €h) — ()] /e, h € WL).

To prove Theorem 3.1, we need to approximate (3.1) by the following more regular
dynamics:

(3.2) {du‘svp + [Aud? 4 e~ A B, u )y (L)) dt = Q(ub)dW,

3p
udP 0) ==
where § > 0 and Ay = (Id — mn)A (the existence and uniqueness of weak solution

to equation (3.2) is standard). The reason for introducing this approximation, roughly
speaking, is that one cannot prove B(u,v) € Ran(Q) but easily has e 4#B(u,v) €
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Ran(Q), which is the key point for finding a suitable direction for the Malliavin deriva-
tives (see Section 4).

Define two maps ®;(-) and ®J(-) from H to H by
Oy () = u(t) and () == udP(t),

where u”(t), u®?(t) are the solutions to (2.3) and (3.2) respectively. The following propo-
sition shows that ®; is the limit of ®} as § — 07 in the some sense, and will be proven
in the appendix.

Proposition 3.2. For every T > 0 and p > 2, there exist some C; = C;(p, p,ag) > 0,
i = 1,2 such that

(3.3) E[ sup |®; — @?\%] < 019 e — 1dfp,
0<t<T
(3.4) E[oi% DD, — DL ] < CocT e — 1),

For any ¢ € CL(W), h€ W and t > 0,
(3.5) Aim [DAE[y(®7)] — DAE[(®1)]| = 0.

The main ingredients of the proof of Theorem 3.1 are the following two lemmas, i.e.
Lemmas 3.3 (proved in Section 4) and 3.4 (proved in the appendix, see page 23).

Lemma 3.3. For any ty > 0, there ezists C = C(to,,p) > 0 such that for every
T EW, he WL e CHH) and t > to,

[E[(DLe) (@7 (2)) Da®y " (2)]] < Ce™[[9]|oo (1 + laliy) -

Lemma 3.4. For any T > 0, p > 2 and § > 0, there exist some C; = C;(p, g, p),
i=1,...,7, such that

(3.6) E( sup |®)(2)[}y) < Cre®Tafl),
0<t<T
(3.7) E[OE?ET \@f(azﬂ%} < OQeC2T‘.T|%,
(3.8) E[ sup [t'/5®)(z)[%] < Cse®T|zfl),
0<t<T w

(3.9) E[ sup |Dyp®)(2)[5,] < Cse™T IR, hew,

0<t<T

t
(3.10) E| /0 AY2D, 80 (2) ds] < CseT5t|hl2y,  heW,
(3.11) E[OELET D@0 (2)[P)) < (TP v TP/®)CeeCsT |nEE,,  hE e WE,
(3.12) E[ sup |Dyu®P"(x)[E),) < (TP v TP/8)Cre T |n L, hfT e wH,

0<t<T
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Proof of Theorem 3.1. Here we follow the idea in the proof of Proposition 5.2 of [3]. Set
Syp(x) = E[p(®?)] for any ¢ € CZ(W), we prove the theorem in the following two steps.

Step 1. Estimate DSy)(x) for all x € W: Since by Assumption 2.1 the operator A?I’{/A‘JFO‘O

is bounded invertible on H, we know by (3.10) that y/! = Q' Dyu q)f’H cHY dt x P —
a.s., hence we can proceed as in the proof of Proposition 5.2 of [8] (more precisely,
formula (5.8)) to get

3t 3t
2 K 2 [
Dy Sebw) = TE[w(@d) [ttt awihyu] + 3 [ BlDLS0(@d) Dy eIt ds
1 1
Hence, by Burkholder-Davis-Gundy’s inequality,
(3.13)

3t 3t
2 T 3 2 [7%
DS < Sl ([ Bl Brds)* + 5 [ BIDLS (@)l Dy 83 ] ds
1 1
3t

C 2 71
< SO oy + [ EDLS b (@) bar| Dy 05 ds
7

with C7 = C1(p, ap, p), since by (3.10),
/t Ely % ds :/t E|Q7' Dn®>" % ds < c/ E|AY2D,n @3, ds < ce|h |3,
4 4

t
4

For the low frequency part, according to Lemma 3.3, for any 0 < tg < 1, there exists
Cy = Cy(tg, ag, p) such that for t > ¢,

(3.14)
| Dy Sitp(2)] = | Dye Sy (Seyath) (@)] = [E[DrSyath(®)5) Dy By ]| + [E[Drr Syt (9F5) Dy @7 |
< CoeP! [ loo [ HF W (L + [l55) + B DSy 2t (®F)5) b [ Dyr 0754 [w]

Denote for all T' > t,

t{ DS ()

Vo, T =
ceWig<t<T LT Edby

9

combine (3.13) and (3.14), then for every t € [to,T] with to < T <1,

C
IDuS(@)] < ZLeT[Blolblyy + Coe™T [lolblw (1 + [2l5)
3t

2 1 5
g | [ B+ [0 D3 ] ds + BI(L + 95 D 0 b
1

C e T
<G
t

1 :
[ llocllw + [Coe®T [9]loo Rl + Zzbto,TC?,eC“TTl/glhlw] (1 + [zl3),
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where C5 = C3(p, ag, p) > 0 and the last inequality is due to

2
(E[(L + |92155) [ Dy @2 W) " < E[ sup (14 |®2)55)°JE[ sup |Dyn @35 [3y]
0<s<T 0<s<T

< TYV4Ce“T|hy (1 + |2l 55)?,
which follows from (3.7) and (3.12). Hence
Vi < C1eT (|9l o0 + Cae T[]l oo + b1y 2 Ce T T?,
as to and T  are both sufficiently small, we have ¢, 7 < C4|9)||oc with Cy = Cy(to, T, p, ),
and thus for tg <t < T,

C
(3.15) DS (@)l < (1 + [l ]| oo-

Step 2. Strong Feller property of Pf. Applying Cauchy-Schwartz inequality, (3.15) and
(3.8), for any h € W and any tg < t < T, we have

| D Sartp(2)? = [E[DSyp(®F) Dp®])|* < E[|DSp(9)) 3, ]E[| Dy ®7[3y] <

C C
< SIVIREI + |2215)* Ry < pryri i B M LY

where C' = C(tg, ap, p,T). Let § — 01, we have by (3.5)

C
(3.16) | D Py ()| < s [Wlscliwlhly, o <t <T.

Since o > 0 can be arbitrarily small, (3.16) implies that (Pf);(o,r] is strong Feller ([4]).
The extension of the strong Feller property to arbitrary 7" > 0 is also standard. (]

4. MALLIAVIN CALCULUS AND PROOF OF LEMMA 3.3

In this section, we will only study the equation (3.2), following the idea in [3] to prove
Lemma 3.3. A very important point is that all the estimates in lemmas 4.2 and 4.3 are
independent of 6 (thanks to the cutoff and to that our Malliavin calculus is essentially
on low frequency part of ®). We will simply write ®; = ®) throughout this section.

4.1. Proof of Lemma 3.3. Given v € L2 (R, H), the Malliavin derivative of ®; in

loc

direction v, denoted by D,®;, is defined by
(W + eViz) — 2y(W, 2)
€

Dy o, = limo

where V(1) = fot v(s)ds. The direction v can be random and is adapted to the filtration
generated by W. The Malliavin derivatives on the low and high frequency parts, denoted
by D,®F and D,®H, can be defined in a similar way. D,®F and D,®/ satisfies the
following two SPDESs respectively:

P P
dD,®" + [AD,®" + D(BL(9, @)X(%))DU@L + Dy (BL(®, @)X(%))quﬁ] dt =

(4.1) = [DrQL(®)D,®" + DyQr(®)D, @ | dWE + Qr(®)vT dt,
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(42) dD,®" + [AD,d +DL(e—f“HéBH(cp,<I>)X(%))DW<I>LJr
—Aus [Pl Hy 75 _ H
+ D (e Bu (2, ¢)X(—3p )Dy @7 dt = Qpuv™ dt

with D,®% = 0 and D,®f = 0.

Define the derivative flow of ®X(z) between s and t by Js;(z), s < t, which satisfies
the following equation: for all h € H"

|yl

dJ, ch+ [AJS,th + Dy [BL(®, ®,)( )]J&th} dt = DyQr(®1) ], chdWE

with Js s(z) = Id € L(H*, HY). The inverse J;tl(a;) satisfies
(4.3)

_ _ d _
dJ, h—J ) [Ah+DL[BL(<1>t, (I)t)X(| ;'pw)]h—Tr((DLQL(QJt)F)h} dt = —J ' DLQr(®)hdW}

with Tr((DLQr(®))2)h = Ypez, vy et Dlar(®0)ej)Dlgr(®i)ep]h and gi(z) = (1 -
x(|zlw/p))qi (recall the notations in Appendix A.1). Simply writing J; = Jo, clearly,
Joo=JJ7,  J=Dpok.

We follow the ideas in Section 6.1 of [3] to develop a Malliavin calculus for (3.2). One
of the key points for this approach is to find an adapted process v € L? (R, H) so that

loc

(4.4 Qo™ (1) = Di(e 0 B (522D, 0,

which implies that D,® = 0 for all + > 0 (hence, the Malliavin calculus is essentially
restricted in low frequency part). More precisely,

Proposition 4.1. There exists v € L2 (R.y; H) satisfying (4.4), and

loc
t
D&} = Jt/ J1QL (@) vl (s) ds and D,d = 0.
0

Proof. We first claim that

P
(15 Do 50 B (@1, 2x () D0 € (DA 5/,

Indeed, ®; € W from (3.8). Since D, ®F is finite dimensional, D,®} € W. It is easy to
see

Dyl
3p
‘q)t|W <@t7 qu)£>w

30 7 3p[Pelw

Dyl

3p ))Dy®f = e 0 By (Dy@f, &y)x(

Dy (e AH#° By (®y, &) x(

)+

Dy
3p

+ e OBy (D), Dy ®F) X ( )+ e OBy (8, By)x (
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The three terms on the right hand of the above equality can all be bounded in the same
way, for instance, applying (A.6) with 5 = ag + 1/8, the first term is bounded by

|Plw

e By (D, ®f, ) x( 35 I p(acot

7 _ _1 C
)= |Ase=AH0 A%0~5 By (D, ®F, &,)|y < 5_11|DU(I)tL|W|(I)t|W7
8

and (4.5) follows immediately. Hence, by Assumption [A3] for @, there exists at least
one v € L2 (Ry;H) so that v satisfies (4.4) (we will see in (4.6) that D,® does not

loc
depend on v!). Thus equation (4.2) is a homogeneous linear equation and has a unique
solution

D@ =0,
for all ¢ > 0. Hence, equation (4.1) now reads

i)
dD,®+[AD,® '+ D(BL(®, @)X(%))quﬁ] dt = DrQr(®)D, @ dWE+Qr(®)vT dt,

with qu)g = 0, which is solved by

t t
(4.6) D,k = /0 Jo1Qr(®s)vl (s)ds = J; /0 J QL (®s)vl(s)ds
O

Let N > Ny be the integer fixed at the beginning of Section 3 and consider M =
2(2N+1)3—2 vectors vy, ...,vyr € L2 (R ; H), with each of them satisfying Proposition

loc

4.1 (notice that M is the dimension of H* = mxH). Set
(4.7 v = [v1,...,0n]),

we have .
D@ =0, Do = Jt/ J7QL(®)v"(s) ds,
where @, is defined in (3.1). Choose ’
vh(s) = (J7'QL(®y))
and define the Malliavin matriz

t
M, = /0 T QL) (T Qu(®.))" ds.

Since J; ' € LOWE, WE) and Qp € LOWE, WE), it follows that M; € LOWE, WL). By
Parseval identity (using the notation in Section A.1),

t 3 . 1 t 3 ;
(Min,m) >w = / (' Qu(@e) iy ds = ) W/ (I QL(®s)el, mwl* ds
0 k€ZL(N),i=1,2 0
1 b :
(4.8) =) W/o (I (aqeher), mywl” ds.

k€ZL(N)i=1,2

The following two lemmas are crucial for the proof of Lemma 3.3. The first one will
be proven in the appendix (see page 26), while the other in Section 4.3.
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Lemma 4.2. For any T > 0 and p > 2, there exist some C; = Ci(p,p,ap) > 0 (i =
1,2,3,4) such that

(4.9) E(OiltlgT | Je(z) R E,) < Cre@ T |hlp,

(4.10) E( sup |Jt_1(:1:)hL|p ) < C eCQT|hL ,
0<t<T

(4.11) E(oi?f:r T (@)ht — hEE) < TP2C5e% T |hED, |

(4.12) E(Oi% By (x) — e Axfh),) < (TP/8 v TP/2)CyeT.

Suppose that vy, vy satisfy Proposition 4.1 and p > 2, then

T
(4.13) E( sup IDvlq’tL(w)I%)SCseCsTE[/ [of (s)[3y ds]
0<t<T 0
(4.14)
T 1/2 /2

(s, 1000 @R) < Coet (e[ b)) (o1 [ b as)”
(4.15) E( sup Dy, Dp®F ()7 ) < Oyl (E[/T\UL(S)FP ds])1/2

| e A e

with h € W and C; = Ci(p, p,a0) >0, 1 = 5,6, 7.

Lemma 4.3. Suppose that ®, is the solution to equation (3.2) with initial data x € W.
Then My € LOWE, W) s invertible almost surely and 1/Apmin(t) € LP(P) for all p > 0,
where Apin (t) is the smallest eigenvalue of My. Moreover, for every p > 0 and ty > 0,
there is some C' = C(p, p, o, to) such that for all t > t

Pl|1/Amin(t)| = 1/e] < CeP(1 + |z]35)P,  uniformly for 6 > 0.

Proof of Lemma 3.3. Under an orthonormal basis of W¥, J; and M; can be represented
respectively by an invertible M x M matrix and a symmetric M x M matrix, where M
is the dimension of W, Let us consider

Vir(P0) = V(@) (M Vi, i k=1,..., M,
Given any h € WE, it is easy to see that
(4.16)  Drthin(®1)Dy®fh = Dpap(®)(Dy @ h) (M )ik + (®1)Dr.(M; )i (Dy®Fh),

where v = v(t) is defined by (4.7) with v’ (t) = (J;'Qr(®;))*. Note that W is isomor-
phic to RM | given the standard orthonormal basis {hi : i=1,...,M} of RM | it can
be taken as a presentation of the orthonormal basis of W¥. Denoting v; = vh;, clearly,
vi(t) = (J7'QL(®4))*h; (note that the v; here is not the same as in (4.7)). Setting h = h;
in (4.16), summing over 4 and noticing the identity D,®f = J,M;, we obtain

(4.17) [Z Do (@) (J)sn] = E[i Dytian(®0)Dy, @ | - E[i @)Dy (M i
i=1 =1
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Let us estimate the two terms on the right hand of (4.17) as follows. By Bismut formula,

M M .
E[>" Dutin(@)D,, 0F | = (E[Z P (M ) /O <viL,dW5>HH

i=1

< Ol 1/Ammz\ [t

M

< Clltloe (B Arin?) QZ(/t [oF ) ds)%

=1
< Cre“[¢[loo (1 + [l 55)

[

where t > to (tg > 0 can be arbitrarily small), C; = Cy(tg,ap,p) > 0 and the last
inequality is also due to the following estimate (thanks to Parseval’s identity and (4.10))

(418)  E[JvF ()] = BN QF) hildy] < C Y Ell(hi, J1QFe)) 2] < Ot
7.k

On the other hand,

M
E (D w(®)Du (M i) =
- M M
= E(Dw(@) M I Do T ) +E(D (@) (M Do (Do) M i),
i=1 i=1

we have by the symmetricity of /\/lt_l, (4.15) and (4.18),

‘ [Zw @) (M1 I7ID,, ) ZkH_(E[Zzp@t YM; Y (7 Dvljt)]k”

Jl

< [19lloo ZEU(MJIM (Ji ' Do, Je)h)wl]

i=1

< ”QpHoo ZE 1/)‘mm|( lD Jt)hkhfv]
i=1

M
= ||¢||oo ZE[l/)‘min|Jt_1Dvith(I)tL|W]
=1

< Cpe™ (|90 (1 + |2z]55)
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and by (4.10), (4.14) and (4.18),

1E[§Mj Y@M I D, (D) MT ]| = 1E[§j Y@M I (Do Do)l (M) |

i=1 ij=1

~ M

< Il [[ (M7 e, Y BT MG (D D) |
) =1
) M

< W llocB |1/ Amin Y BT M (I Dy, Dy, @)
) i,j=1
) M

<N looE |1/ Amin D 1/ Arminl 7 Doy Doy @F ]
) ij=1

< O3 9|0 (1 + |2l35),

where t >ty and C; = Cy(to, o, p) (i = 2,3). Combining the above three estimates with
(4.17) and noticing J; = D, ®F, we obtain

B (Dr(®:() Dr®F () )| < Cae s [lo(1 + [2l)

with ¢ > tg and Cy = Cy(to, v, p). Since the above argument is in the frame of WL with
the orthonormal base {hy;1 < k < M}, we have

B (DL(@(2) Da®h ()| < Cae o1+ [l
for every h € WX and t > t. (]

4.2. Hormander’s systems. This is an auxiliary subsection for the proof of Lemma
4.3 given in the next subsection and we use the notations detailed in Section A.1 (in
particular Subsection A.1.1). Let us consider the SPDE for v’ in Stratanovich form as
(4.19)

u 1 ;
duL+[AuL+BL(u,u)X(M)—§ Z Dqk(u)ezqk(u)eﬁdt: Z qr(u)odwy (t)ex

3
P k}EZL(]V())7 ]CEZL(]V())7
i=1,2 i=1,2

where qi(u) = (1 — x(12))gy, for k € Z1(No) and qu(u) = gi for k € ZL(N) \ ZL(Np).
For any x € W, it is clear that if k € Zp(Ny) and i = 1,2,

A i 1 lzlw lzlw .\ (&, el )w
Dqk(m)ezqk(m)ek__zx (7)(1_ ( P )) ‘:17|W

For any two Banach spaces E7 and Es, denote by P(E7, Es) the set of all C* functions
Ey — E, with all orders derivatives being polynomially bounded. If K € P(H, H*) and
X € P(H,H), define [X, K|, by

(X, K]z (z) = DK ()X (z) — Dy XY (2)K (x), =€ H.
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For instance, [A, K];, € P(D(A), H') with [A, K] (z) = DK (z)Ax — A K (x). Define

_ 1 x|w Tw %ei W g
X0a) = Arex (e Byt 3 v a2 g
P P yezi(No)i=1,2 P P w

The brackets [X", K], and [A, K|, will appear when applying the It6 formula on Jt_lqi(@t)
(see (4.26)) in the proof of Lemma 4.3.

Definition 4.4. The Hérmander’s system K for equation (4.19) is defined as follows:
given any y € W, define

Ko(y) = {ar(y)e}, : k € ZL(N), i =1,2}
Ki(y) = {[X°(), ax(®)ei]r : k€ ZL(N), i =1,2}
Ko(y) = {lar(v)eh, K(y)r : K € Ki(y), k € Zr(N), i = 1,2}
and K(y) = Ko(y) UK (y) UKa(y).

Proposition 4.5. There ezist p > 0 and N > Ny (which depend only on Ny and Q)
such that if p > p and N > N, then the following property holds: for every x € VW and
h € HL there exist o > 0 and R > 0 such that
(4.20) inf sup  inf |(K(y), hyw| > o|hlw.
>0 KeK ly—zlw<R

Proof. We are going to show that there are ¢ > 0 and R > 0 (independent of ¢) such
that for every z € W and h € W',

sup inf [(K(y), h)w| = o|hlw.

KeK [z—ylw<R
To this end, it is sufficient to show that there is a (finite) set K C K(y) for every y, such
that span(K) = H”. We choose R < p.

Case 1: |z[yy > R+ 2p. Hence |y > 2p for every y such that |z — y[yy < R and
qx(y) = g, for all k. So we can take K = K which spans the whole H” thanks to (A.2).

Case 2: |z| < p — R. Hence |yl < p for every y such that |z —y|yy < R and
qx(y) = 0 for all k € Z(Np). In particular, X%(y) = Ay + e B(y,%) and so for I,
m € Z,(N)\ Zr(No) and 4, j = 1,2 (cfr. Subsection A.1.2),

[qiel, (X0, qmed 1)L = v B(qie), gmel,) + mnB(gmél,, qiel)

(which are independent of ¢, thus providing the uniformity in ¢ we need). The proof that
the vectors [gel, [X©, qmefn]L]L, where [, m run over Zr,(N)\ Zr(Np) and i, j = 1,2, span
HY follows exactly as in [21] (using (A.3)-(A.4), since the only difference is that here
we use the Fourier basis (A.1) rather than the complex exponentials). Hence, thanks
to Lemma 4.2 of [21], it is sufficient to choose N > Ny large enough so that for every
k € Z1(Np) there are I, m € Z1(N) \ Zr(Ny) such that |I| # |m|, [ and m are linearly
independent and k = +m (or k = [ —m). Take K = Ko U K.



16 M. ROMITO AND L. XU

Case 3: p— R < |z|w < 2p+ R, hence |z|yy < 3p and |y > $p for all y such that
lz —ylw < R. Write X%(y) = X9 (y) + X2(y) where X% (y) = Ay + e~%44 B(y, %) and

1 lylw lylw |\ (vs ex)w
X%(y) = % Z X' (=) (1 - (—))ﬁe}g.
P jezi(No),i=1,2 P P yiw
Choose I, m € Zr(N) \ Zr(No) and 4, j € {1,2}, then
(el [X°(y), amed]Llr = lae), [ X" (v), amel) L] + [ae], (X (), amel,] L] -

As in the previous case the vectors [ge!, [X°'(y), gmetn]r]r span the whole HL, so,
to conclude the proof we show that the other term is a small perturbation. Indeed,
(g€, [X%(y), gmet] ] corresponds to a derivative of X2 in the directions ge! and g e,
and it is easy to see by some straightforward computations that there is ¢ > 0, depending
only on N, x and Q (but not on p, y, §) such that |[gel, [ X9 (y), gmen]r]r] < p%,. So,

for p large enough, the vectors [get, [X°(y), qmeZn]L]L span HL. Take K = KoUK,. O

4.3. Proof of Lemma 4.3. The key points for the proof are Proposition 4.5 and the
following Norris’ Lemma (Lemma 4.1 of [19]).

Lemma 4.6 (Norris' Lemma). Let a,y € R. Let By,v = (v,...7") and vy =
(uf,...,u™) be adapted processes. Let

t t t t
at=a+/ Bsds+/ Vsdwy, Yt=y+/ asds+/ ugdwy,
0 0 0 0

where (w},...,w) are i.i.d. standard Brownian motions. Suppose that T < ty is a
bounded stopping time such that for some constant C < co:

1Bel, 112l lat], Jue] < C forallt <T.
Then for any r > 8 and v > % there is C = C(T, q,v) such that
T T )
P[/ Y2t < e’“,/ (aol + [ul) dt > ] < Co— .
0 0

Proof of Lemma 4.3. We follow the lines of the proof of Theorem 4.2 of [19]. Denote
St = {n e W¥;|nl,yr = 1}. It is sufficient to show that

: — p —\P
P( inf, (Men,mw < €] = o)1+ [ol5)",

for all p > 0, uniformly in § > 0 and for t > ¢y (tp > 0 possibly being arbitrarily small).
From (4.8), one only needs to prove

. 1 e
(L21) Plinf 3 W/ (7 (@), mwlPds < €] = o(e)(1 + Jol)”
NET ez (N)i=1,2 0
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for all p > 0, where, for simplicity, we have set q,i(q)s) = qk(q)s)mfgek and qp(®s) =
gr(1 = x(12222)) for k € Z1(Ng) and qx(®s) = g for k € ZL(N) \ Z1(Np).

Formula (4.21) is implied by
(4.22)

t 1 )
Dyswpsup P [ 3" om0 (@) mwl ds < ] = o)1+ [alyp)
7 neN; 0 keZp(N)i=1,2 K]
for all p > 0, where {N}, is a finite sequence of disks of radius 6 covering St Dy =
#{N,} and 6 is small enough. Define a stopping time 7 by
1
T=inf{s >0 : |®4(x) — zhy > R, |J;" = Id|gon) > Z}'

where R > 0 is the same as in (4.20). It is easy to see that (4.22) holds as long as one
proves that there exists some k and ¢ such that for all p > 0

tAT )
(4.23) sup P(([ 10764 (®.),mhwl? ds < €) = ofe)(1+ [al)”
nesSt 0

(uniformly for 6 > 0 and for ¢ > tg).

The key estimate of the proof is to bound P(7 < €). By (3.6) and since [e” 4z — x|y <
Ct1/8|a:|l7v/, we have for any p > 2

(4.24) E[ sup |®; — aff)] < C1(1 + |of55)P(T7/® v TP/?)
0<t<T

where Cy = Cy (g, p,p). Combining (4.24) and (4.11), we have P(17 < €) = o(e?)(1 +
|z[53)P for all p > 0, independent of 4. Let us now prove (4.23) in the following two cases.
Case 1: |z|yy > 2p + R. Recalling the case 1 in the proof of Proposition 4.5, one has

sup inf  [(K(y), hE)w| > o|E|w, independent of 4.
KeKo ly—z|w<R

As s < 1AL, every qi(®Ps) = gi is constant and non-degenerate on span(ej,, e?), hence
for any n € S” there exist k € Z;(N) and i € {1,2} such that (g}, n)w| > $ and

tAT tAT
P[0 @ mwPds <€) = P( [ 10 ol ds < )
0 0

< P(T < %e) = o(e”)(1 + |z|5)".

Case 2: |zl < 2p+ R. Assume (4.23) not true, i.e. for any C' > 0, there exists some
constants py > 0 and four sequences {n,}, C S, {6, n, {€n}n with lim, .o €, = 0, and
{tn}n with t,, > to, such that for all k, i,

tn AT )
@) P[0T @ s < ) = O+ el
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Applying It6 formula on Jt_lq,i(@t), we have

—1 i - i 1 g
dJ; (@) = 5 (<Xl @)+ 5 Y0l (o] ahlle(@) ) de +
leZ(N),j=1,2

(4.26) o .
+ 770> (] dln (@) dw] (1),
leZ,(N),j=1,2
Setting
Y(t) = (J7 (@) m)w,  uf(t) = <J—1[q{7qz1 (@1), )W,
a(t) = <_Jt_l[X07 qk] () + J_ Z Z ql7 ql 7qk £(®e)s m)w
1€ZL(N) j=

applying Norris’ Lemma and noticing the assumption (4.25), one has

p([reoras<a [ O + Sl ds 2 &) = o)
0 B )

for all p > 0, and

tn AT
2 s < > (b0 __\Po
P</0 Y (s)|*ds < en) > O (1 + [z|5)™,

they imply that for all j, [,

tn AT tn AT
(4.27) P(/O ¥ (s)2ds < e, /0 a(9)ds < /") = OO+ [aly)

tn AT 5 tn AT . 5 1
(4.28) p( /0 V(s)2ds < en, /0 l(s) P ds > ") = ofel),
tn AT .
(4.29) p( /0 W () ds < /™) > Cn(1 + [al)

We apply Norris’ lemma on Jt_l[qu ,q:] and obtain for any j,/ and all p > 0,

tn AT tn AT
([ wdras < [0 e il (@0 mw s = €)= o),

which, combining with (4.28), implies
(4.30)

tn AT tn AT . o
P(/o ¥ (5)ds < e, /0 (7 g [af g (@), mdwl? ds = elf™) = ofeh).



ERGODICITY OF NAVIER-STOKES WITH MILDLY DEGENERATE NOISE 19

Hence, combining (4.27) and (4.30), one has

tn AT tn AT
P(/ Y (5)[? ds < e, / ja(s)|* ds < €}/,
0 0

tn AT . . )
/0 (T ] L), akl ] (@s), m)w]? ds < 671~L/TZ> > Ceb?(1 4+ |z|57)™.

So, for all k € Zp(N) and i = 1,2,

tn AT )
P( /0 (7 X, Rl (@), maw? ds < 2el/) > e (1 + ).

Apply Norris” Lemma on (J;'[X% ¢i](®s),n,)w, we have an inequality similar to

(4.29) as follows
tn AT 3 ; ; .3
(4.31)  P( /0 [ gl X, Gl (@0), w2 ds < 26/ ) = Cebo (1 -+ Jalyg)™

for any 4,41 € {1,2} and k,k; € Zp(N). Using the set K in the latter two cases of the
proof of Proposition 4.5, for any 7, € S, there exists some ¢ € K such that
_ o
sup (T (@), m)w] > 5
0<t<tnAT

We have by the same argument as in case 1
tn AT
(432 P[0 6 bl ds < ) = ofeh)(1 + el

forallp > 0. If ¢ = [q,ill, (X9 ¢¢]L]L, then (4.32) contradicts (4.31). If £ = g}, then (4.32)
contradicts (4.25) O

5. CONTROLLABILITY AND SUPPORT

The following proposition describes the support of the distribution associated to a
Markov solution.

Proposition 5.1. Let (Py)zenm be a Markov solution. For every x € W and T > 0, the
following properties hold,

° Px[fT S W] =1,

e for every W-open set U C W, P,[ér € U] > 0.

The proof of the above proposition relies on the following control problem (see [25]
for a general result on the same lines).

Lemma 5.2. Given any T > 0, x,y € W and € > 0, there exist pg = po(|z|w,|ylw,T),
u and w such that

e wc L2([0,T); H) and u € C([0,T]; W),

o u(0) = = and [u(T) — ylw < ¢,

e supycpo,r) [u(t)w < po,
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and u, w solve the following problem,
(5.1) Ou + Au+ B(u,u) = Quw,
where Q is defined in Assumption 2.1.

Proof. Let z € D(A®*7/4) such that |y — z|y < 5, it suffices to show that there exist
u, w satisfying the conditions of the lemma and

(5.2) Iwﬂ—dwﬁg

Decompose v = uf + u’ where v = (I — 7N, )u and ul = TN, u and Ny is the number
in Assumption 2.1, then equation (5.1) can be written as

(5.3) Opu” + Aut + Bp(u,u) =0,

(5.4) o + Auf! + By (u,u) = Qu.

We split [0, 7] into the pieces [0,T4], [T1,Tz], [T2, T3] and [T3,T], with the times T4, T,

T3 to be chosen along the proof, and prove that (5.2) holds in the following four steps,
provided pg is chosen large enough (depending on |z|yw, |y, and T).

Step 1: regularization of the initial condition. Set w = 0 in [0,T}], using (A.5), one
obtains

d
(5:5)  Zluly +20A2ufy < 2(AT0u, ATEBlu,w) a| < ATl + cluly

It is easy to see, by solving a differential inequality, that \u(t)\%v—kfot |AY 202, ds < 2|z 3,
for t <t := (2c|lz|?,)~!. In particular u(t) € D(A%F3/4) for a. e. t € [0,%9]. An energy
estimate similar to the one above, this time in D(A®%3/4) and with initial condition
u(to/2) (wlo.g. assume u(ty/2) € D(A*+3/4)) implies that u(t) € D(AT5/4) a. e.
for t € [to/2,tp]. By repeating the argument, we can finally find a time 77 < % Aty such
that u(Ty) € D(A“+7/4),

Step 2: high modes led to zero. Choose a smooth function ¢ on [T1,75] such that
0<% <1,9%(T) =1and ¥(Ty) = 0, and set vl (t) = ¢ (t)u! (Ty) for t € [T}, Ty]. An
estimate similar to (5.5) yields

d

" By + 1Azt fy < ellu By + o ),
and |u(t)|?, < [ul (@), + [ (T1) 3, < 4]z|3), for Ty <t < Ty =2 A (T) + (4efzf3y) 7).
Plug u” in (5.4), take

w(t) = ¢ (OQ ™ (Th) + ()Q™ Au(T1) + Q' Bu (u(t), u(t)).

By the previous step u(T}) € D(A%T7/4) |Q~TAu'l (T1)| < oo; by (A.5), |Q ' By (u(t), u(t))] <
c|Au(t) [}, < 2eNG(|Aut (TV) 3, + [uk(t)|3,) for t € [T, T3]. Hence, w € L?([T}, T3], H).

Step 3: low modes close to z. Let u”(t) be the linear interpolation between u”(Ty) and
2l for t € [Ty, T3]. Write u(t) = >_ ux(t)er, then (5.3) in Fourier coordinates is given by

(5.6) i + |k[Pug + Br(u,u) =0, k€ Zr(Np),
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where By (u,u) = Bg(ul,ul) + By (ul', u?) + By (uf?,u¥) + By (uf?,u*’). Let us choose a
suitable u!? to simplify the above By (u,u). To this end, consider the set {(Iy, mg) : k €
Z1.(Np)} such that
(1) Ifk e ZL(N0)+, then [, —my, € ZH(N0)+ and I +my = k.
(2) Ifk e ZL(N())_, then [, my € ZH(N0)+ and [, — my = k.
(3) |lg] # |mg| and Iy || my for all k € Z1,(Ny).
(4) For every k € Z1(Ny), |, [my,| > 23No+1)°,
(5) If ky # ko, then |l = Iy |, [, £ my |, [Ty £ Mgy |, J1m0gy £ Dy > 23N+,

Define
ul! (t) = Z Uiy (t)elk + Umy, (t)emk’
keZL(No)

with v, () and um,, (t) to be determined by equation (5.7) below. Using the formulas
(A.3)-(A.4) in Section A.1.2, it is easy to see that

e by (4), Br(u”, uf) = B (v ,u") =0,

e by (5)7 Bk(ulkl ’ ule) = Bk(ulkl ’ uka) = Bk(umkl ’ ule) = Bk(umkl ) umkz) =0.
Hence, using again the computations of Section A.1.2, equation (5.6) is simplified to the
following equation

5.7) {(mk CXVPRY £ (I - Y)PRX + 2G4 (t) = 0,

X'lkZO, Y-mk:(), lk:tmk:k,

for each k € Zp(Ng)+, where Gy, = ty, + |k|[>ug, + Br(u”,u") is a polynomial in ¢ and
clearly Gi - kK = 0. In order to see that the above equation has a solution, consider for
instance the case k € Z(Ny)4. Let {E, g1, 92} be an orthonormal basis of R? such that
Ik, my € span(E, g1), and k= |—k‘ Let X = 2ok + 2191 4+ 2292 and Y = yok +y191 + y2g2.

A simple computation yields

(X - my)(PeY) + (Y - 1) (PeX) = [k[(zoy2 + w2y0)g92 — |k|ckzoyogr,

|| ® [ |*
VIl P m 2= Ue-my)
problem in the unknown yg, y2 (notice that z;, y; can be determined by the divergence
free constraint).

where ¢, =

=. One can for instance set zop = 1, z2 = 1 and solve the

In conclusion the solution u'(t) is smooth in ¢ and by this construction the dynamics
u = ul+u™ is finite dimensional. Hence u(t) is smooth in space and time for ¢ € [T}, T3]
and sup |u(t)|yy can be bounded only in terms of [u”(T3), 2% and T3 — T». We finally set
w= Q[ + Au! + By (u,u)].
Step 4: high modes close to z. In the interval [T3,T| we choose u™ as the linear interpo-
lation between u' (T3) and 2. Let u” be the solution to equation (5.3) on [T, T] with
the choice of uf given above. Since u(T3) € D(A**t7/4) and u”(T3) = 2% from step 3,
by the continuity of the dynamics, supy, <7 [u”(t) — 2% |y < § if T — T is small enough
(recall that we can choose an arbitrary T3 € (73,7) in the third step). Thus (5.2) holds
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and, as in the second step, we can find w € L?([T3,T), H) solving (5.4). It is clear from
the above construction that supyp, << [u(t)|lw < Clzlw + Clu(T3)|w. O

Proof of Proposition 5.1. The first property follows from Theorem 6.3 of [14] (which only
uses strong Feller). For the second property, fix z € W and T > 0, then it is sufficient
to show that for every y € W and € > 0, P,[|ér — ylw < €] > 0. Consider p > py (where
po is the constant provided by Lemma 5.2), then by Theorem 2.3,

PfoT—yh/V SE] ZPngT—ZAW <€ Ty >T] :P£[|5T_y|w <, 7'p>T]-
By Lemma 5.2 there exist 77 and @ such that @ is the solution to the control problem (5.1)
connecting x at 0 with y at T' corresponding to the control 9;77. Choose s € (0, %), p>1
and 3 > % such that s — % >0 and 8+ % —5< %, then by Lemma C.3 of [14] (which
does not rely on non-degeneracy of the covariance), there is 6 > 0 such that for all 7 in
the d-ball Bs(7) centred at 77 in W*P([0,T]; D(Al_f)), we have that |u(T,n) —ylw < e
and supyo 7y [u(t,n)w < po, where u(-,7) is the solution to the control problem with
control 9yn. By proceeding as in the proof of Proposition 6.1 of [14], it follows that in
conclusion the probability PZ[|{r — ylw < €, 7, > T] is bounded from below by the
(positive) measure of Bs(77) with respect to the Wiener measure corresponding to the
cylindrical Wiener process on H. U

APPENDIX A. APPENDIX

A.1. Details on the geometry of modes. Here we reformulate the problem in Fourier
coordinates and explain in full details the conditions of Assumption 2.1.

Define Z3 = Z3\ {(0,0,0)}, Z3 ={k € Z3 : ky > 0}U{k € Z3 : k1 = 0,k2 > 0} U{k €
Z3: k1 =0,ky =0,k3 >0} and Z3 = —Zi, and set

cosk-x ke Z3
Al = s
(A-1) k(@) {sink‘ - keZ3.

Fix for every k € Z3 an arbitrary orthonormal basis (z},,27) of the subspace kt of R?
and set e} = zleg(z) and €2 = x2ey(x), then {et : k € Z3, i = 1,2} is an orthonormal
basis of H. In particular, my H = span({e}, : 0 < |k|oo < N, i = 1,2}). Denote moreover,
for any N >0, Z,(N) = [-N, N3\ (0,0,0) and Zy(N) = Z3\ ZL(N).

A.1.1. Assumptions on the covariance. Under the Fourier basis of H, the diagonal-
ity assumption [A1l] means that for each k € Zf’r, there exists some linear operator
qr - k+ — k* such that Q(yer) = (qry)ex for y € k. The finite degeneracy assumption
[A2] says that g is invertible on kt if k& € Zy(Ny) and g = 0 otherwise. If W is a
cylindrical Wiener process on H, then Q dW = ZkeZH(NO) exqr dwy, where (Wk) ke 7, (Ny)
is a sequence of independent 2d Brownian motions and each wy, € k.

The @ in (2.3) is a non-degenerate operator on 7y, H, which is defined under the
Fourier basis by

(A2) Q=D enl en)n,

keZ1,(No)
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where, for each k € Z(Ny), g is an invertible operator on k.

A.1.2. The nonlinearity. In Fourier coordinates, equation (2.1) can be represented under
the Fourier basis by

duy, + [[k[Pug + B(u, u)] dt = g dwi(t), k€ Zg(No)
duy + [|k|?uy + Bi(u,u)] dt =0, ke Z5(Np)
uk(o) = Tk, ke Z;?k)’

where u = > uper, up € k- for all k € Z2 and By (u,u) is the Fourier coefficient of
B(u,u) corresponding to k. To be more precise,

B(u7 u) = Z B(ulel’ umem)
l,meZ3

and if, for instance, I, —m, | +m € Z3 ,

1
B(wer, umenm) = P((w - m)umere_m) = 3 [(ur - M) PramUmersm + (U - m)Preptm €],

where P}, is the projection of R? onto k*, given by Pyn =17 — ‘%Zk, then, clearly,
(A.3) Biym(wer, umenm) = %(ul * ) Pl Um 14m

(A4) Bl—m(ulelaumem) - %(ul . m)Pl—mumel—m7

and By (uje, umen,) = 0 otherwise. For the other cases (of {,m), similar formulas hold.

A.2. Proofs of the auxiliary results. The key points for the proofs of this section are
the following two inequalities and Lemma A.1 below. Given 3 > %, there exist constants

C1 > 0, Cy > 0 such that for every u, v € D(ABH/4),

(A5) A5 B(u, )i < C1| AP ul | Ao,
(A.6) |APT1e 4 B (u, v)|y < %|Aﬁ+iu\H|Aﬁ+iv\H.

The first inequality is given by Lemma D.2. in [14], the second follows from the standard
estimate |AY2e~A; < Ct~/2 for analytical semigroups. The other basic tool is the
following Lemma which is a straightforward modification of Proposition 7.3 of [4].

Lemma A.1. Let Q : H — H be a linear bounded operator such that A“T3/4Q is also
bounded, and let W be a cylindrical Wiener process on H. Then for any 0 < 8 < %,
p>2andeé€ |0, % — [3), there ezists C' > 0 such that

t
E[ sup |Aﬁ/ e_A(t_s)QdWsm < OT(i_E_ﬁ)p|A_%_E|Z;_IS-
0<t<T 0

Proof of Lemma 3.4. We simply write ®; = ®? (with 6 > 0) and prove (3.10) at the end.

Clearly, ®(z) satisfies the following equation

|(I)8‘W
3p

t t
= e a4 / e A=) ABI BB, B, )y ( )ds + / A= Q(,) dW.
0 0
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By inequality (A.6), the fact [e=4#%,,, < 1 and the inequality X( )| Pelw < 3p, it s

easy to see that

t
b, s
B < lobw + [ e AR, B Q) A1V,
0
' Cp |[Ds|w "4 Pslw
< By - > —Al=s) (1 — u dw,
<lobw+ [ <= (S A1 () Qi
t
P,
< lalw + Cpth sup [@ulw + | [ e 291 - x(12%))0 .
0<s<t 0 p

and that for any p > 2, T > 0,

E( sup |<I>t|§v) <|zfh), + CiTP/® + C’lTp/2IE( sup |<I>t|§v)
0<t<T 0<t<T

by Lemma A.1 (with € = %, B = 0) and some basic computation, with C1 = Cy(p, ag, p).

/8
For T small, E(supg< ;<7 [®:[}),) < % Now, by taking 7', 27, ... as initial times,
by applying the same procedure on [T, 271, [27,3T],..., respectively one can obtain

similar estimates as the above on these time intervals. Inductively, the estimate (3.6)
follows. The proof of (3.7) and (3.8) proceeds similarly.
For every h € W, Dy, ®; satisfies the following equation

|<I)S|W
3p

t
Dy®, = e M + / A=) (B(D),®,, 0,) + B(@4, D @)X () +
0

[®shwy 1 {DnDs, Py
3p "3p |[Ps|w

. /t e—A(t—s)X/(|q)S|W)l . <Dh(I)S’(I)S>W
0 pp sl

+e OB, ,)x( ds +

Qrdwk,

y (A.6) and x(12v)|@,|yy < 3p,

|<I) |W (I)S|W

3p

|Dp®:lw < [hlw +

/w— S 0y + 1@ B (S22 Do s

O,y (Dy®s, B,
‘/ | |W)< h >WQLdWsL
p |Ps |

—A(t—s) ‘Q) ‘W <Dhq)saq)s>W L
‘/ X p ) [Pl QrdWs|,,

w

< |hlw +

\/_
by Lemma A.1 (Wlth B=0and e = %),

IE{ sup_ |Dp®: 3, } < |hfhy —l—C’TSE[ sup_ | Dy @[}, ] 0<T<1,
0<t< 0<t<

where C' = C(ag,p, p) > 0. For T > 0 small enough, E[supy<;<p |[Dp®¢[P] < WW%

For |Dy,n ®F|yy, it is easy to see by a similar argument as in proving (3.9) that

Cp —A(t— / |q)s|W <Dth)87q)s>W
Dy a®glywyds+— ‘/ (t=s) X
o Vi—s W ( p ) D5l

| Dy ®f |y < Qrdwl .
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so by Lemma A.1 and (3.9),

E[ sup |DhH<1>tL\§V] < T5CeCTIRHE . 0<T <1,
0<t<T

E[ sup |Dpu®Ll) < T5CeCT R, T>1,
0<t<T

where C' = C'(agp,p, p) > 0. Similarly but more simply, we have (3.11).
Let us now prove (3.10). By It6 formula,

t
E|D),®,|3, +2/ E|A2 Dy ®, 2, ds <
0

< 0By + Co [ E[ld iyl 4= Dyl B@ 2 1]
By (A.5) and Cauchy inequality, we have
E| D@, |2, + /OtE|A%Dh<1>S|§V ds < |hf3, + O/OtE|Dh<I>s|§V ds
with C' = C(ag, p) > 0, which easily implies (3.10) by Gronwall’s lemma. O

Proof of Proposition 3.2. Recall that the solutions to (2.3) and (3.2) are respectively
denoted by ®;(z) and ®(x). Denote ¥; = ®; — &, we have

t t
(A?) U, = / I dS—I—/ Iy dW
0 0

with

|Ps [ A s s [ PAw
—) — B(®°. s
3p ) € ( S S)X( 3p

and Ir = e A7 [Q(D) — Q(2))]. By (A.6),

I = e A9 [B(D, @) x( ),

by < 11 = e legmfe A B0 @) ()
(A8) e 5@, (22 — a0 pas, a2
3p 3p Tlw
< \/tci_8|ld —e Ml Lom + \/%leh/v
with C1 = C1(p, ap) and Co = Ca(p, ap), since
3@ 2 (200 00 pag, o) [Ty

AP, + (1 — NPy
3p

= (/01 e_A(t_S)%[B(Aq)S + (1= NP2, AP, + (1 — N)D)y( )]dA .

Co

— S

< |\IJS|W

i
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By fundamental calculus and Lemma A.1 (with § =0 and € = 1/8),

' p ! —A(t—s) |Ps|w |0y Lip
E| sup | [ LdW.P| E| sup | [ e M (F02) = x () Qu dW |
0<t<T Jo 0<t<T Jo P
' t A + (1= AP
A9 <E / su e~ Al=s) | s dWEPdx
(A.9) AN X p )Qu dWEPdA|

< C’ng/2E[ sup \‘I’t\%],
0<t<T

with p > 2, C3 = C3(p, ap, p) and T > 0. Combining (A.7), (A.8) and (A.9), we have

(A.10) E[ sup [Wif, } <O\TEId—e 0+ C4T2E[ sup [Wif, }
0<t<
with Cy = Cu(p, ap,p) > 0. With the estimate of (A.10) and by the same induction
argument as in the proof of Lemma 3.4, estimate (3.3) follows.
As for the estimate (3.4), differentiating both sides of (A.7) along directions h € W,
applying the same method as above but with a little more complicated computation,
and noticing (3.9), we have

E| sup ‘Dhq’t‘%] < CseC5T‘]d_e_A6‘i(w)|h‘p )
0<t<T
for all h € W, with C5 = C5(ag, p,p). Formula (3.5) follows from the two estimates in
the lemma immediately. U

Proof of Lemma 4.2. That the constants of the estimates in the lemma are independent
of ¢ is due to the uniform estimates (in §) of the nonlinear term and to the fact that the
Malliavin derivatives D,®; do not depend on v'.

The proofs of (4.9), (4.11) are classical since the SDEs for .J;, J; ' are both finite
dimensional and have the cutoff. The proof of (4.12) is by the same procedure as for
(3.12). For the other estimates, we will apply the bootstrap argument in the proof of
(3.6) but omit the trivial induction argument.

As for (4.10), we consider the integral form of equation (4.3) and obtain by applying

some classical inequalities

t
P
37U < I+ [ A+ Du(Bu@n @ (G2) — (DL Qu (@) P

t
+ (/ T D Q@ )k awE]”
0 w

Since all the operators in the above inequalities are finite dimensional, by (A.6), Doob’s
martingale inequality and Birkhold-Davis-Gundy inequality, one has

E[ sup |[J7'hEE ] <C (1+TPIE sup |J7 P +T2E sup J! ) nEP
[O<t< | i 1 [ogth‘ t |L(W] [ T o) } W=l
where Cy = Ci(p, p,ap). When T is small enough, we have E[SUPogth |t <

(O]
1—-C (TP+TP/2)"

2w
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Clearly, D, ®! satisfies the following equation

t
Dvcbfz/ e—A“—S)[—BL(cpS,DU@SL)—BL(DUq>§,<I>S)]X(|@S|W)ds

0 3p
LI T sl (Dvs, Do)y
— = [ A (0, 0,)) — ds
52, R N
t q’g 1 t _ _ q)s DU(I)?’(I)S
+/ e_A(t_s)(l - X/(| |W))QLUL ds — _/ e A(t S)Xl(| |W)< >W QL dWSL
0 p P Jo P D]y

= J1(t) + J2(t) + J5(t) + Ja(t)

By (A.6) and Lemma A.1, one has

¢
Co
Ji(t)w < d
| 1( )|W_/0 \/m S|W S
FAG] </t Cs ly ds
2 w > 0 \/m FRI4%
T
E( sup |J3(t)|€v> < C’4E(/ ‘UL(S)K;V ds)
0<t<T 0

E( sup |J4(t)|€v> < C’5Tp/8E( sup \Dv@f\%), 0<T<1,
0<t<T 0<t<T

with C; = Ci(p, ) (i = 2,3) and C; = Cy(p, o, p) (i = 4,5). Thus, for p > 2,

T
IE( sup D, ®f P, ) < C’6Tp/8E< sup |D,®r |}, ) +06E(/0 0" (s)Fy ds)

0<t< 0<t<T

with Cs = Cs(ao, p,p), and E(supg<icr [Du®@f[))) < — C’()TP/S (fo [wE(s)[}y ds) for T
small enough.
The term D,, D, P, satisfies the following equation

t
(s Py
Dm’sz(I)tL: _A € Alt )Dvlpvz(BL(q)57q)£)X(| 3,(|)W))d8

t t
+ /0 e A=ID, Qr(®,)0F (s)ds + /O e A=)D, D, Qr(®s)dWE

Expanding the terms D,, Dy, (BL(Ps, @g)x(%)) and Dy, D,,Qr(Ps), we obtain two
very complex expressions which we omit them but point out the key points for their
estimates. Noticing the fact D,,®; = D,,®F, |<I>t|wx(‘q>t|w) < 3p, and using (A.6) and
Lemma A.1, one has

A9, Qu@.)ef (9w < CriDu O wlvt .
< Cs
W VE—s

Py
e_A(t_S)Dmsz (BL((I)S’(I)S)X(| |W))

3p (|D01DU2¢L|W + |D01¢L|W|DUQ¢L|W)



28 M. ROMITO AND L. XU

and
t
E( sup |/ e_A(t_S)DUIDUQQL(‘I’s)dWSLW\/) <
o<t<T Jo

< CoT?*E[ sup (D0, Doy @5y + 1D @y Doy B )|,
<t<

for 0 < T < 1, with C; = C;(p, ) (i = 7,8) and Cy = Cy(p, g, p). Hence, when T is
small

C
E( sup Do Doy ®ffly) < =B (1Du, OF [P 2F [}y ) <

0<t<T 1 — CoTP/8
C1o ? L L2 2 L 3
< (—210 p »
- <1 _ ClOTp/8) <]' + E[/(; ‘vl (S)‘W dS]) <]- + E[/(; "02 (S)‘W ds]) ,
with C1g = Cyo(p, g, p). The proof of (4.15) is similar. 0
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