ON THE DEFORMATION SPACE OF
CLIFFORD-KLEIN FORMS OF HEISENBERG GROUPS

ALI BAKLOUTI, IMED KEDIM AND TARO YOSHINO

ABSTRACT. Let H be an arbitrary closed connected subgroup of the connected, simply
connected Heisenberg G = Ha, 1. We exhibit in this paper a complete description of
the deformation space 7 (I', G, H) and the moduli space M(T', G, H) of a discontinuous
abelian subgroup I' of G for the homogeneous space G/H. The topological features
of deformations, namely the topological stability, the rigidity and the local rigidity are
also studied.

1. INTRODUCTION

This paper is the continuation of the papers [1] and [10] where attention is focused on
the explicit determination of the deformation space and the moduli space of a discon-
tinuous group acting on some nilpotent homogeneous spaces for which, the basis group
in question is respectively exponential solvable and two-step nilpotent. The problem of
describing explicitly deformations for Clifford-Klein forms in general settings was initi-
ated by T. Kobayashi in [8] and was formalized as Problem C by the same author in [6].
The deformation space 7 (I', G, H) was first introduced in Kobayashi ([6], (5.3.1)) and
the moduli space M(I', G, H) := Aut(I')\7T (I', G, H) was in Kobayashi ([6], (5.3.2)) for
general homogeneous space GG/H and discontinuous groups I'.

In [10], T. Kobayashi and S. Nasrin studied the setup of a properly discontinuous action
of a discrete subgroup I' ~ Z* which acts on R¥"! ~ G//H through a certain nilpotent
affine transformation group G of dimension 2k 4+ 1 when the connected subgroup in
question is R¥. In these circumstances, the authors gave a complete description of the
parameter space

¢ is injective, (I") is discrete and
(1) R(I',G,H):=< ¢ € Hom(I', G) | acts properly and fixed point freely
on G/H

which is introduced in [8] for general contexts.

On the basis of this description, they determine explicitly the deformation space
T (Z*,G,R*) by building up an accurate cross-section of the adjoint orbits of the el-
ements of R(I',;G, H). One of the principal aims of this paper (and also the papers
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[6, 10]) is to illustrate that Problem C cited above, would be very fruitful to be pursued
in various different settings.

In [1], the two first authors tackled the case of exponential solvable Lie groups where
the subgroup H is supposed to contain the first derivative group [G, G]. They exhibited
then a complete description of the deformation space and the Moduli space. The policy
drawn for such a study seems to be pretty different from that followed in the paper
[10] but somehow tacitly generalizes it. This remark together with the above studies
arouse our interest in the consideration of the deformation space and the moduli space
in a more general context, especially when H is not predetermined. Among fundamental
motivations for seeking an explicit determination of the deformation space, is its interest
in understanding their local geometric structures which could be pretty complex when
the Clifford-Klein forms in question are not necessarily compact. This paper appears
therefore to be a new contribution of such a study in the context where the group in
question is the Heisenberg group. This enables us to utterly understand the related
topological features in this context, namely, the stability, the rigidity and the local
rigidity.

Towards that purpose, we give a complete description of both the spaces 7 (', G, H)
and M(T',G, H) up to a homeomorphism without any restriction on the subgroups I'
and H. Our study makes use of Grassmannians and carries out an accurate description
in terms of matrix-like forms. We show however that in the situation where the Clifford-
Klein form is compact, these spaces are cutely obtained to be some classical product of
set matrices.

Let us remark that one main fact to settle this setup is that the center of G = R?"*+!
is one dimensional and that the Lie structure of the group in question utterly reposes
on a non-degenerate alternative form on R?" which intervenes at the level of the center,
through the pointwise law of the group G. It comes out therefore that the passage
through the quotient by the adjoint action only involves non-central coordinates. It is
noteworthy to point out here that the situation turns out to be more complicated when
for instance the center of G does not meet the direct product H - L where L designates
the syndetic hull of the discrete group I'. In such a setting, we are of course quite away
from the setup of compact Clifford-Klein forms.

The paper is organized as follows. The next section is devoted to record some known
results about proper actions and to recall the definitions of the spaces under study.
In section 3, we recall the characterization of the parameter and deformation space in
term of homomorphisms of Lie algebras when the basis group in question is exponential
solvable. This will crucially be applied to our circumstances. Likewise, the description
of the deformation and the moduli space in the case where the subgroup H contains the
derivative group [G, G] can also be regarded as one of the main genesis for the description
for these spaces. We shall recall such a description as well. The fourth section deals with
the main results and provides complete proofs of the spaces description. The last section
is devoted to develop some examples. We hope that our results and methods could be
extended to encompass new setups, specially when the group in question is of higher
step.
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2. PRELIMINARIES

The material dealt with in this section is based on the papers [1,4,5,6,7,8,9,10, 11],
(particularly [6, chapter 5]) and on some references therein. The readers could consult
these references for broader information about the subject.

2.1. Generalities and natation. Let X be a locally compact space and K a locally
compact topological group. The action of the group K on X is said to be:

(1) Proper (in the sense of Palais [12]) if, for each compact subset S C X the set
Ks={ke K: k-SNS # 0} is compact.

(2) Fixed point free (or merely free) if, for each = € X, the isotropy group K, = {k €
K : kx =z} is trivial.,

(3) Properly discontinuous if, K is discrete and for each compact subset S C X the
set Kg is finite.

In the case where X = G/H is a homogeneous space and K a subgroup of G, then it

is well known that the action of K on X is proper if SHS™'N K is relatively compact for
any compact set S in G. Here, for two sets A and B of the locally compact topological
group G, the product AB is the subset {ab: a € A,b € B}. Likewise the action of K
on X is free if for every g € G, K NgHg™' = {e}. In such cases, we abusively say that
the triple (G, H, K) is proper (respectively free). In this context, the subgroup K is said
to be a discontinuous group for the homogeneous space X, if K is a discrete subgroup
of G and K acts properly and fixed point freely on X.
For any given discontinuous subgroup I' for the homogeneous space X, the quotient
space I'\G//H is said to be a Clifford-Klein form for the homogeneous space G/H. It is
then well-known that any Clifford-Klein form is endowed through the action of I" with a
manifold structure for which the quotient canonical surjection

(2) m:G/H —T\G/H

turns out to be an open covering and particularly a local diffeomorphism. On the other
hand, any Clifford-Klein form I'\G/H inherits any G—invariant geometric structure
(e.g. complex structure, pseudo-Riemanian structure, conformal structure, symplectic
structure,...) on the homogeneous space G/H through the covering map m defined as
in equation (2) above. We designate by Hom(I', G) the set of group homomorphisms
from I' to G endowed with the point wise convergence topology. The same topology is
obtained by taking generators vy, ..., of I'; then using the injective map

Hom(I',G) — G x -+ x G, ¢ = (o(71), -, (%))

to equip Hom(T', G) with the relative topology induced from the direct product G x
-+ X GG. We consider then the parameter space R(I',G, H) of Hom(I', G) defined as in
formula (1) above, this set plays an important role as we will see later. According to
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this definition and as earlier, for each ¢ € R(I', G, H), the space ¢(I')\G/H is a Clifford-
Klein form which is a Hausdorff topological space and even equipped with a structure of
a manifold for which, the quotient canonical map is an open covering.

Let now ¢ € R(I',G,H) and g € G, we consider the element 9 := ¢g7! .- g of
Hom(I', G) defined by

¥() =9 p(v)g, v €T
It is then clear that the element ¢9 € R(I',G, H) and that the map

p(ON\G/H — ¢*(D\G/H, o(T)zH — ¢*(T)g~ v H
is a natural diffeomorphism. We consider then the orbits space
T(IG,H)=R(I',G,H)/G

instead of R(I', G, H) in order to avoid the unessential part of deformations arising inner
automorphisms and to be quite precise on parameters. We call the set 7 (I', G, H) as the
space of the deformation of the action of I on the homogeneous space G/H.

On the other hand, let the group Aut(I') act on Hom(T', G) by

T-p(y) =T (%)), ¢ € Hom(T,G), T € Aut(T), vy €T.

It is then easy to check that the group Aut(I") leaves the parameter space R(I',G, H)
invariant and its action on it is G— equivariant. We define then (to avoid this unessential
part too) the Moduli space as the double coset space

M(L, G, H) = Aut(D\R(T, G, H)/G.

For ¢ € R(I'", G, H), the discontinuous subgroup ¢(I") for the homogeneous space G/H
is said to be locally rigid as a discontinuous group of G/H in the sense of Kobayashi
[8], if the orbit of ¢ through the inner conjugation is open in the set R(I',G, H). This
means equivalently that any point sufficiently close to ¢ should be conjugate to ¢ under
an inner automorphism of GG. So, the homomorphisms which are locally rigid are those
which correspond to those which are isolated points in the deformation space 7 (I', G, H).
When every point in R(I', G, H) is locally rigid, the deformation space turns out to be
discrete and then we say that the Clifford-Klein form I'\G/H can not deform continu-
ously through the deformation of I' in G. If a given ¢ € R(I', G, H) is not locally rigid,
we say that it admits a continuous deformation and that the related Clifford-Klein form
is continuously deformable.

In the same context, one says that ¢ € R(I', G, H) is rigid, it its G—orbit G - ¢ is open
in Hom(I", G).

The homomorphism ¢ is said to be topologically stable or merely stable in the sense
of Kobayashi-Nasrin [10], if there is an open set in Hom(I', G) which contains ¢ and is
contained in R(I", G, H). When the set R(I", G, H) is an open subset of Hom(I", G), then
obviously each of its elements is stable, which is the case for irreducible Riemannian
symmetric spaces. Furthermore, we precise in this setting that the concept of stability
may be one fundamental genesis to understand the local structure of the deformation
space.
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2.2. Characterization of the parameter and deformation space. We keep and
remind our notations and settings. g will denote a n-dimensional real exponential solvable
Lie algebra, G will be the associated connected and simply connected exponential Lie
group. The exponential map

exp:g— G
is a global C*°—diffeomorphism from g into GG. Let log denote the inverse map of exp.
The Lie algebra g acts on g by the adjoint representation adg, that is:

ady(T)(Y) = ad(T)(Y) = [T,Y], T, Y € g.

The group G acts on g by the adjoint representation Adg, defined by Adg(g) = Ad(g) =
exp(ad(T)), g =expT € G.

The following upshot which generalizes the result of Nasrin [15], has been obtained
separately in [2] and [18], is quite important and plays an important role in this paper.

Theorem 2.1. Let G be a connected simply connected at most three step nilpotent Lie
group, H and K be connected subgroups of G. Then the following assertions are equiva-
lent:
(i) K acts properly on G/H.
(i) The action of K on G/H is free, that is K N gHg™' = {e} for any g € G.
(iii) €N Adgh = {0} for any g € G. Here by and € are the Lie algebras of H and K
respectively.

Let X = G/H be a homogeneous space, with G a connected simply connected expo-
nential solvable Lie group and H a closed connected subgroup of GG. Let I" be a discrete
subgroup of G of rank k, and define the parameter space R(I', G, H) as given in (1). Let
g, b designate the Lie algebras of G and H respectively. In [1], we have obtained the
following characterization of the parameter and the deformation space as follows. Let
L be the syndetic hull of T" (see Theorem (3.1) of [1]). Recall that the Lie subalgebra [
of L is the real span of the abelian lattice log I', which is generated by log~i,...,log v
where 1, ...,7 is a set of generators of I'. Then the map

E; : Hom(l,g) — g* == g x -+~ x g (k times), ¥+ (¢¥(log(m)),. .., ¥(log()))
is also injective. We consider the topology induced on Hom([, g) by the injection, which
can also be defined as the point wise convergence topology, we identify here g* to £(I, g),
the set of linear maps from [ to g. Now, the group Aut(I") can be identified to a subgroup
of Aut(l) which leaves logI" stable. Therefore Aut(I") acts linearly on [ by,

(3) T (logvy;) =log(T(v)), i=1,...,k, T € Aut(I')

and leaves the lattice log I" stable. The induced action on Hom([, g) is given by
(4) (T -)(log) = (T~ - (logv)), i=1,...,k T € Aut(I'),» € Hom(l, g).
The group G acts also on Hom(l, g) by

(5) @U g = Adgfl O@/J.
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The following useful result was obtained in [1].

Theorem 2.2. Let G be an exponential solvable Lie group, I' = ZF a discrete subgroup
of G and L = exp(l) its syndetic hull. Then the parameter space is given by

dim ) (I) = dim I }

R(I',G,H) = {w € Hom(l, g) exp (1) acts properly on G/H

The deformation space can equivalently be described as:

dim ¢ (1) = dim [ } /Ad(G),

TG, H) = {dj & Hom(l, g) exp ¢(1) acts properly on G/H

where the action Ad of G is given as in (5).

2.3. Deformation and moduli space for normal subgroups. This subsection is
devoted to describe the deformation and the moduli space when the subgroup H contains
the derivative group [G,G] and G is exponential. One of the important feature of this
setting is as remarked in [1], that every discrete subgroup which acts properly on G/H is
abelian, which allows us to use the above characterization. The results of this subsection
will crucially be used to have the description of the spaces in the case of Heisenberg
groups. We start then to recall some results on Grassmannians.

Let My . (R) be the set of the matrices of rank k in M, x(R), we denote by G, x(R) be
the Grassmannian of £ dimensional linear subspaces of R and

n: M3 (R) — Gui(R)

M — MR
be the canonical surjection The linear group GLj(R) acts on My, (R) by right side
multiplication and n(M) = n(M’) if and only if there exist A € GLg(R) such that
M'" = MA. This means that the column vectors of an element of My, (R) generate an

element of G, x(R) and the column vectors of two elements of My, (R) generate the same
element of G, ;(R) if and only if one of them is a multiple of the other by an element of

GLi(R). Tt follows therefore that G, x(R) is identified with M, (R) via the equivalence
relation:
M ~ M"in My (R) if and only if M" = MA for some A € GLi(R).
So, we regard the space G, x(IR) as the quotient space My, (R)/. := My (R)/GLy(R),
endowed with the quotient topology. Let
I(n, k) ={(i1,...,ig): 1 <i3<---<ip <n}.

For M € M, ;(R) and a = (iy,...,i) € I(n,k), we denote by M, its k x k relative
minor and U, = {M € My (R) : M, = I;}. It is not hard to check that the restriction
N of n on U, is a homeomorphism between U, and the open set 71,(U,). Furthermore

(6) Guk(R) = |J na(Ua):

a€cl(n,k)
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It is well know that My, (R) is a total space of a GLj(R)-principal bundle, with
the base space equal to the Grassmannian G, x(R). The sets 7' (7,(U,)), a € I(n, k)
constitute an open covering of My (R) and for every a the map

(7) Xo @ GL(R) X 1a(Ua) — 17 (10a(Us))
(AW) — ng'(W)A
is a local trivialization, its inverse is the map M +— (Ma, n(M)) and for every W € 1,(U,)
the map xow : GLi(R) — Fy given by
Xaw(A) = 15" (W)A,
is a homeomorphism, where Fyy is the orbit of n; ! (W), its inverse is the map defined by
X;,IW(M) = M,.

Let b be a subalgebra of g containing [g, g]. We Fix a basis Xi,..., X, of g passing
through b and [g, g] and we identify g to R™ through this basis. Let s = dimb, [ =
dim [g, g] and consider the bilinear forms by, ..., defined by

= zn: bi(X,Y)X
=1

If we identify the space of the linear maps L([, g) to M, (R), then the set Hom(l, g) is
identified to the G'Li(R)—stable set

(8) Y ={MeMyuR): ‘MJpM=0,i=1,..1},

where J;,, ... J;, designate the matrices of by, ..., b written through our basis. Let also
for a € I(n, k), ¥, = ¥ NU,. The group G acts on Hom([,g) by composition on the
left. Furthermore for every

(9) a € Iy(n, k) = {(i1,...ix) € I(n, k), iy > s},
the set 7, is G-stable and we have,
Theorem 2.3. Let G be an exponential solvable Lie group of dimension n, H a connected

subgroup of dimension s which contains [G,G]| and T' a rank k discontinuous subgroup
for G/H. Then

Tr,G.H)= |J T. and MT,G.H)= |] Ma,

a€ls(nk) a€ls(n.k)

where for every a € Is(n, k), the set T, is an open subset of T (I, G, H) homeomorphic to
the product GLE(R) x (¥4/G) and M, is an open subset of M(I',G, H) homeomorphic
to the product GL,(R)/GL(Z) x (¥4/G).

We point out here that this result stems from the fact that the parameter space is
the total space of a topological G Ly(R)-principal bundle. A direct consequence of this
result, is the following fact concerning the topological features of Clifford-Klein forms.
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Theorem 2.4. Let G be an exponential solvable Lie group, H C G a normal connected
subgroup and T ~ ZF* a discrete subgroup of G. Then R(I',G,H) is an open set in
Hom(I', G). That is, every element of R(I',G, H) is stable. If in addition H contains
(G, G, then every Clifford-Klein form I'\G/H is continuously deformable. Actually the
local rigidity propriety fails to hold for every element in R(I', G, H).

3. THE CASE OF HEISENBERG GROUPS

From now on, g := by, 1 will denote the Heisenberg Lie algebra of dimension 2n + 1.
It can be defined as a real vector space, with a skew-symmetric bilinear form b of rank
2n and a fixed generator Z of the kernel of b. The center 3 of g is then the kernel of b
and it is the one dimensional subspace [g, g], where for X,Y € g, the Lie bracket is given
by

(X, Y] =0b(X,Y)Z.

3.1. Some useful tools. This subsection aims to prove some structure results concern-
ing Heisenberg groups. Such results are quite important and will crucially be used in
the sequel of the paper. Roughly speaking, it consists in building a symplectic basis of
g constructed from a given subalgebra. We begin by proving the following:

Proposition 3.1. Let § be a Lie subalgebra of g. Then there exists a basis By =
{Z,X1..., X, Y1,...,Y,} of g with the Lie commutation relations

Xi Y; :51 ‘Z, i, ) = ]_,...,TL
j J J

and satisfying:
1) If 3 C b, then there exist two integers p, ¢ > 0 such that the family

{Zley"'vXp-Hp}/l?"':}/;?}

constitutes a basis of b.
2) If 3 ¢ b, then dimbh < n and b is generated by Xi,..., Xs, where s = dimb. The
symbol 0; ; designates here the Kronecker index. The basis By is said to be a symplectic
basis of g adapted to b.

Proof. 1) Note that the assertion is obviously true if h = 3. We can and do assume then
that f 2 3, the kernel of the restriction by, is therefore non trivial, and there exists a
subalgebra V{ such that ker by, = 3 ® V. For any complementary subspace V; of 3 @ Vj
in b, the bilinear form byy; is non degenerated. Let p, ¢ > 0 such that dim V, = ¢ and
dim V; = 2p. Let now
N :={zxeg:b(x,V) =0}

Remark that g = N @ V}. Indeed, note first that N NV, = kerby, = {0}. We now
consider the map

frg — W

xr —  b(x,)

which is surjective and verifies ker f = N. We deduce therefore for dimension reasons
that g =V, & N. Let N; be any supplementary subspace of 3 in N, that is N = 3 & ;.
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For x € kerbyy,, we have b(v,z) = 0 for all v € g which means that z is central in g.
But the intersection of Ny and 3 is trivial, then ker by, = {0} and finally the restriction
by, is non degenerate. Up to this step, one decomposes g = 3 ® V3 @& N; as a sum of
b-orthogonal subspaces and we can assume that 1} is an isotropic subspace of N;. It
is therefore well known that any basis of V) can be extended to a symplectic basis of
N7 and the result follows by taking any symplectic basis of V;, a symplectic basis of N;
passing through V), and the generator of 3.

2) Assume now that 3 ¢ . Let V be a complementary subspace to 3 in g containing b.
Then by is non degenerate and b is an isotropic subspace of V', in particular dimf < n.
Take any basis of h and extend it to a symplectic basis of V' by adding the central vector
Z. We obtain a symplectic basis of g adapted to b. O

We shall now make use of the upshot above to explicitly determine the deformation
and the moduli spaces in our context. Remark first that the matrix J, of b written in
33?; is

0 0
(0) (—1n)

Jb = .//(b, r@b) =

0 (In) (0)
Using proposition 3.1 above, one can view G as the direct product of 2 = R?" and R
with the following point wise multiplication

1
g192 = ('U + w, s+ t+ Eb(vaw»a g1 = (U,S), g2 = (U},t)
where b is explicitly given on & by:
b(v,w) = <Ul,w2> - (Uz,”LUl), U= ("U1>’U2), w = (wl,wz)

where vy, w; designate the coordinates of v and w respectively through the basis vectors
(X1,...,X,,) and vy, wy their coordinates through the vectors (Yi,...,Y,). We get now
a nice characterization of the proper action for the Heisenberg setting using Theorem
(2.1). We have the following:

Lemma 3.2. Let b, [ be two subalgebras of g and H = expl. Then expl acts properly
on G/H if and only if one of these two properties is satisfied:

1) 3 Chand Nl ={0}.

w)3Z b, INh={0} and 3N (h ) =[N3

Proof. The Heisenberg Lie algebra is a two step nilpotent Lie algebra. Using Theorem
(2.1), we get that the proper action is equivalent to the property Ad, h N[ = {0} for all
g € G, (or equivalently Ad,[Nh = {0} for all g € G). If 3 C b, it is then clear that
Ad, b = b and that the proper action is equivalent to [Nh = {0}. Assume that the action
is proper and 3 ¢ b, so obviously h N[ = {0}. Towards the equality 3N (hB[) =[N3, it is
sufficient to show that 3N (& h) C (3NT1). Let x € 3N (& h). There exist then | € [ and
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h € b such that © = [ 4+ h. We have to show that x = . Suppose that [ ¢ 3. Then there
exist X € g such that [X,]] = —z as the center is one dimensional. As such, the non
trivial element Adey, x [ =1 — 2 = —h belongs to the intersection Adey, x [N h, which is
impossible. This leads to the fact that x — [ is a central element and belongs to h which
also means that it is trivial. Conversely, let ¢ € Ad,[Nh. We have t = [ + x with x € 3
and [ € [. Then z € 3N (I ® ) which means that € [ and finally ¢t € h N[ = {0}. This
consideration shows conclusively that exp [ acts properly on G/H. O

3.2. The deformation and the moduli spaces when H contains the center. We
assume in this section that the subalgebra h of g contains the center 3 = [g, g] and that
[ is a subalgebra of g such that [Nh = {0}. Then [ is an abelian subalgebra and if
L(I,g) designates the vector space of the linear maps from [ to g, the set Hom([, g) of
Lie algebras homomorphisms can be regarded as the set

Hom(l,g) := {v € L(I,g), [¥(z),¥(y)] =0 for all z,y € [}.

We fix by the way a symplectic basis %y of g adapted to h as provided by proposition
(3.1). We identify g to R*"™! § to a subspace of R*"™! and L(I,g) to a subset of real
matrices Ma,11,(R), where k£ = dim [. Let as usual s = dimb. For any a € I (n, k), we
consider the set

(10) 7. := {M = < OA ) , A€ My, x(R), M, =1, and ‘M J,M = 0} C Vas
where J, is the matrix of b in %y,. The following theorem provides a description of the
deformation and the moduli space in this context.

Theorem 3.3. Let G be the Heisenberg Lie group of dimension 2n + 1, H a connected
Lie subgroup of dimension s which contains the center of G and I' a rank k discontinuous

subgroup for G/H. Then
T(r.G.H)= |J 7. ad MT,G.H= |] M.,

a€ls(2n+1,k) a€ls(2n+1,k)

where for every a € I;(2n+ 1,k), the set T, is an open subset of T (I', G, H) homeomor-
phic to the product GLy(R) x ¥, and M, is an open subset of M(I', G, H) homeomorphic
to the product GL,(R)/GL(Z) x V..

Proof. We will make use of Theorem (2.3) as h contains the first derivative group of
g. As it stands there, we just have to prove that the quotient space ¥,/G is home-
omorphic to ¥ for any a € Iy(2n + 1,k). We fix first of all a symplectic basis
By = (24, X4, ..., X, Y1,....,Y,) adapted to h. Take any o € I;(2n + 1,k) and M € 7,
we can then write

M = ( ?4 ) with a = (ala"'7ak) eRk and AE M2n’k(R)
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Note that for X € g we have

Adexp X =

0 (L)

Then the action of Ade, x on M affects only the first line. More precisely, if we identify
the columns ¢; of A to a vector of g, then the first line of the product is

(a’l + b(XJ Cl)7 N b<X7 Ck))‘
The following result which has been proved in [1], will be used.

Lemma 3.4. (Lemma (4.3), [1]) Let Wy, denote the subspace of g generated by the
columns of M. If M € ¥,, for a € I;(2n+ 1,k) then Wy N = {0}.

It turns out as the center 3 is not contained in Wy, that the map g — Wj,, x — b(z,.)
is surjective and there exists therefore X € g such that

b(X, Cl) = —day,.. .,b(X, Ck> = —ag.-

It follows then that any M in ¥, is G-equivalent to the matrix obtained from M by
vanishing the first line of M. Conversely if the first lines of M and M’ are zero, then
M = Adexpx M' only it M = M.

Let 7w be the continuous map from ¥, to ¥ which sends the matrix M = ( aA ) to the

matrix (M) = ?4 ) , where we consider the trace topology on #./. Then the canonical

surjection p : ¥, — ¥, /G factors through 7 to a continuous bijection f between 7. and
Y. /G defined by p = f ow. Now G acts continuously on ¥, then p is open and we can
easily see that f~! is continuous. This achieves the proof of the Theorem.

O

3.3. The deformation and the moduli spaces when H does not contain the
center. We now tackle the case where the center of g does not meet h. In such a
situation, H is an abelian subgroup of G. We still need some other results. The following
lemma describes the structure of the parameter space in this case.

Lemma 3.5. Let G be the Heisenberg Lie group, H a connected subgroup which does not
contain the center, I' a rank k abelian discontinuous subgroup for G/H and L = exp(l)
its syndetic hull in G. Then the parameters space R(I', G, H) is the disjoint union of the
two G—invariant sets

dim ¢ (l) = k,
Ry(T, G, H) = { ¢ € Hom(L,g) | (1) = {0}
and 3 C (I)
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and

(b &3) Ne(D) = {0}

Proof. From Theorem (2.2) and lemma (3.2), we can easily see that R(I', G, H) is the
union of the following sets

RxRGJD:{weHmML@‘&mMDZkGM }

, dim (1) = k, )

hNy(l) ={0},
By(I',G,H) = { v € Hom(l, g) 30N (h% w(i{))}: o) N3
and 3 C ¥(I)

Vs
and
( dim (1) = k, )
_ hNy(l) = {0},
Rl G H) = v eBombal| 40 (hev(m) = v ns
\ and 3 ¢ ¥(1) )
dim ¢ (l) = k,
= q ¢ € Hom(L,g) | bna(l) = {0},
3N (b (D) = {0}

To conclude, note that the third condition 3 N (h @ () = ¥ (I) N3 involved in the set
Ri(T',G, H) is trivial as 3 C 9(l). Likewise, it is easily seen that 3 N (h @ ¥(I)) = {0}
if and only if (3 ® h) N () = {0} and then the three last set equations of Ry(I', G, H)
together are equivalent to (h @ 3) N ¢ (I) = {0}. On the other hand, for any g € G,
3 C Ad,-109(1) if and only if 3 C (), which proves the G—invariance of Ri(I', G, H).
Furthermore, for any ¢ € Ry(I', G, H) and any g € G, one has

(3®h) NAdg-(¢(D) = (5@ b) N (¥(1) = {0},
which shows the G— invariance of the set Ry(I', G, H). O]

We now fix a basis Zy, = {Z,X;...,X,,Y1,...,Y,} of g adapted to h. We consider
the decomposition

g=3;dhob ottt
where,

b:<X17"'7X8>7 h/:<}/’17“.,}/;>7
E= (Xoir,. ., X)) and € = (Your,.... V).

We identify as previously g to R*"™! = RER* PR GR"*HR"* and Hom(!, g) to the set
of matrices given in (8), with { = 1 and b; = b. Then with respect to this decomposition,
any element of g

T =apZ + Z%‘Xz‘ + Zbiyia
i=1 i=1
is identified to the column vector

t
(aoal ...asbl ...bsas+1 ...anbs+1 bn)
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and every homomorphism ¢ € Hom([, g), can be written as a matrix

where Ag € My ,(R), Ay, By € M, ;(R) and Ay, By € M,,_; (R). Then from (8) and the
lemma (3.5), we get,

dim M (R*) = k,

b N M(R*) = {0},
3 C M(R*) and
EMJ,M =0

Rl (Fa G> H) = M e M2n+1,k(R)

Up to this step, we consider the set
(11) I'2n+ 1,k) = {(i1,...,ix), i1 = 1 and iy > s+ 1}.
Now, we can state the following:

Lemma 3.6. The set R,(I',G, H) is open in Hom(\, g) and the sets n~" (na(%)), o €
I}(2n + 1,k) constitutes an open G—invariant covering of Ri(I',G, H).

Proof. The condition 3 C M (R¥) equivalent to the existence of a matrix

10
0 A
M=|0 B
0 A
0 B,

with A}, B} € My 1(R), Ay, By € M, 51 (R) and M (RF) = M'(R¥). The conditions
M(R*¥)nh = {0} and dim M (R*) = k are equivalent to
By
rank [ A | =k—1,
By

which is also equivalent to the existence of a € I}(2n + 1, k) such that M(RF) € n,(U,).
Now, if M(R¥) € 1,(U,) then M J,M = 0 if and only if

g (M (RY)} o {ng ' (M(R)} = 0,
or equivalently n, (M (R*)) € #,. Then M € Ry(T', G, H) if and only if

MEHe | m%).

aell(2n+1,k)
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This means that
R1<F7G7 H) - U 7]_1 (na(%))
€Il (2n+1,k)
Furthermore,

(detM,) #0
0 (a(74)) = S M € Mani1i(R) :
and ‘M J,M =0

which is an open set of ¥ and then Ry(I',G, H) is also open in Hom([,g). Let X € g
and M € n~! (na(%)), then there exist A € GL,(R) and M’ € My, 11 1 (R) such that

1 WX, X)) - B(X,Y,)

AdeXpX =
0 (I2,)
and M = M'A, with
1 0
0 A
M=|o0 B
0 A
0 Bj
Therefore,
1 b(X,c) -+ b(X,cp)
Adepx M = M' | A,
0 (Ir—1)
where ¢, ..., are the k — 1 last columns vectors of M’ and we can see that n(M) =
1N(Adexp x M), which proves the G—invariance of 7! (1,(%4)) for any a € I}(2n + 1, k).

O

Now we are ready to state our main result in this section concerning the deformation
and the moduli space in the case where h does not meet the center of g. We have the
following;:

Theorem 3.7. Let G be the Heisenberg Lie group, H a connected subgroup which does not
meet the center of G, I a rank k abelian discontinuous subgroup for G/H and L = exp(l)
its syndetic hull in G. Then

rr.¢H= |J = U

a€lsr1(2n+1,k) aell(2n+1,k)
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and

MI.GH)= |J M. |J M.,

a€lsr1(2n+1,k) aell(2n+1,k)

where:

1) For every o € I, 11(2n+ 1, k), the set T, is open in T (', G, H) and homeomorphic
to the product GL,(R) x ¥, and the set M, is open in M(I', G, H) and homeomorphic
to GLk(Z)\GLk(R) X 7/01.

2) For every o € I'(2n+ 1,k), the set T,, is open in T (T, G, H) and is homeomorphic
to the product Oy x RF x Ny, x V.., Ny, designates here the set of upper triangular unipotent
matrices. Likewise, the set M, is open in M(T', G, H) and homeomorphic to the product
(GLL(Z)\GLk(R)/R*1) x ¥,

Proof. We use Lemma (3.5) to write the following decomposition of the deformation
space

Ri(T,G,H)/GUR,(T,G, H)/G.

The set Ry(I', G, H) can be identified to the parameter space R(I',G, K), where K =
Z(G)H and Z(G) is the center of G. Then by Theorem (3.3), we get the following
description of the quotient set

Ry(I'\G.H)/G= |J 1,

a615+1(2n+1,k)

where for any o € I,11(2n + 1, k), the set 7, is open in 7(I', G, H) and homeomorphic
to the product GLi(R) x ¥. On the other hand, thanks to Lemma (3.6), one can write

Rl(F>G’ H)/G = U 7771 (%(%))/G

acell(2n+1,k)

as union of open sets. Let then 7, = n~! (na(%))/G. Recall that the map x, is a
homeomorphism between GLx(R) x 7, (¥,) and 7' (n4(¥4)). Consider the G—action on
GLi(R) X 1a(7a) given by

(A, W) g = (Xaw Adg—1 XawA,W).

Then the map x, is G—equivariant. Indeed,

Xa((A W) 9) = Xa(Xaw ©Adg-10xaw 0 A W)
X © (Xaw © Adg-1 oXaw © A)
Adg-1 oxa (A, W)

= Xa(A4,W)-g.
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For every a € I} (2n + 1,k) and W € n,(7,), we can easily see that there is A;, B; €
M; ;(R), Ay, By € M, (R) such that

1 0
0 A
n'W)y=1|0 B
0 A,
0 By

Then, for ¢! = exp X we have
1 b<X7 CQ) b(X7 cn)

X;IW Adg-1 XawA = (Adgq n;l(W)A) =1 . A,

[0}

0 (L)

where ¢y, ..., ¢, are the k — 1 last columns of 1! (W). We now consider the free action
of R*! on GL;(R) defined by

1 xl PR xk*l
(xl,...,.%k,l)'A: . A.
0 (Ir—1)
The subspace W’ of W generated by c¢o, . .., ¢ is an abelian subalgebra of dimension k£ —1

which does not meet the center, which means that the map g — W', X — b(X, )y is
surjective. It follows therefore that for any (z1,...,zx_1) € R¥"!, there is X € g such
that b(X,¢;) = x;_1 for all i = 2,... k. Therefore the quotient map

7 GLi(R) X 10(¥a) — (GLK(R) x na(%)) /G,
factors through the canonical surjection
P GLi(R) X na(Ya) — (GLi(R)/R*) x na(%0)
to give a continuous surjective map
£+ (GLL(R) /RS x 1a(7a) — (GLy(R) x 1a(%4)) /G

defined by m = f op and we can easily see that f is injective. Now, G acts continuously
on GLg(R) x n,(7,), which entails that 7 is open and that f is a homeomorphism.
The following Lemma enables us to achieve the proof of the assertion concerning the
deformation space.

Lemma 3.8. Fiz a positive integer p and regard RP as a subgroup of GL,1(R) through

the writing
R 1 tx . p
Rp.—{(ojp>.x€]R}.
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Then,

(12) GLy1(R)/R? =~ O,y x R x N,
where N, denotes the totality of upper triangular unipotent matrices.
Proof. Using the Iwasawa decomposition, we have

GLp1(R) 2 Opy1 X Apra X Npya,

where A, 11 (~ RPF!) denotes the totality of diagonal matrices with positive entries. Thus
we obtain (12) because of the decomposition N1 ~ N, X R, O

As for the moduli space, recall that Aut(I') = GLk(Z) and if we consider the ac-
tion of Aut(T') on GLi(R) X 14(¥%,) given by T - (A, W) = (AT}, W), then y, is
Aut(T")—equivariant and the result follows immediately.

O

The following result provides another variant of description of the deformation space
in our context.

Theorem 3.9. Let G be the Heisenberg Lie group, H a connected subgroup which does not
meet the center of G, I a rank k abelian discontinuous subgroup for G/H and L = exp(l)
its syndetic hull in G. Then

Tr.¢H)= |J 7. | U7,

a€ls1(2n+1,k) a€ll(2n+1,k) j=1
where for every a € Iy11(2n+ 1, k), the set T, is open in T (I', G, H) and homeomorphic
to the product GL,(R) x ¥.. Furthermore, for any a € I}(2n + 1,k) and j € {1,..., k},
the set 1, ; is open in T(I',G, H) and is homeomorphic to the multiple direct product
R* x R¥! x GLy_1(R) x ¥,.

Proof. In light of Theorem (3.7), we only need to show that
GLy(R)/R*! U %,

where for any j = 1,...,k, %; is homeomorphic to R* x R¥"! x GL;_;(R). Indeed, let
A € GLi(R) and denote by A; the matrix obtained from A by deleting the first line and
the " column of A. Then the union of the open sets

is equal to GLj(R) and each of them is R¥~!—stable. Therefore

GLL(R)/RF! = UU/R’“l

The following Lemma enables us to achieve the proof.
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Lemma 3.10. For 1 <i <k we have U;/R*' 2 R* x RF1 x GL;,_(R).

Proof. Let A € U;, write

aip -0 Qg
A=

(@) - (ax) |’

where a1, ...,a15 € R and a4, ...,a; € R¥71. So for € R*~! we have,
ay + (z,a1) - ay+ (T, a)
X - A == 9
(a1) S (ax)

where (.,.) designates the natural scalar product on RF¥™'. For xy = —b;A; ! where
b; € R*! obtained from (ay1,...,ayx) by eliminating of the i — th coordinate, we have

ai; + (wo,a;) =0, for all j # 1.
This means that A is equivalent (modulo R*~!) to a certain matrix in the set

ay; - Alg

Ki=94= 1 @) - (@)

€ GLi(R), a;; =0 for all j # i

Note that
K; 2 R* x RF! x GL,_1(R).

Let #: U, — U; /Rk_l be the canonical surjection and p : U; — K; the continuous
surjection defined by

pi(A) - pr(A)

p(A) = (@) - (ap) )

where p;(A) = 0, if j # i and pi(A) = ay; — (b;A;',a;) # 0. Then clearly the map
[ Ki — U;/RF7! defined by f(p(A)) = w(A) is surjective. For the injectivity, let
A, A" € K; such that f(A) = f(A’), which means that there is 7o € R¥~! such that
xg-A=A" But z-A € K; only if £ = 0. Thus o = 0 and A = A’. Using the continuity
of m and p with the fact that 7 is open, we obtain the bi-continuity of f. This achieves
the proof of the lemma and also of the Theorem. O
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3.4. Case of compact Clifford-Klein forms. We finally describe the deformation
and the moduli space for compact Clifford-Klein forms. We have the following:

Theorem 3.11. Let G be the Heisenberg Lie group of dimension 2n+ 1, H a connected
Lie subgroup of dimension s and I' a rank k discontinuous subgroup for G/H. Assume
in addition that the Clifford-Klein form I'\G/H is compact. Then

1) If H contains the center of G, then k < s and

T, G, H) = GL,(R) x M, ,(R)* x Sym(R?) x Sp(p,R)/Sp(p — r,R)
and equivalently
M(T,G, H) = GLx(R)/GLL(Z) x M, ,(R)* x Sym(R?) x Sp(p,R)/Sp(p — r,R)

where for h =logH, ¢ +1 = dim(kerbyy), 2p + ¢+ 1 =dimb andp +q+r=n.
2) If H does not contain the center of G then,

T(T,G,H) = 0,1 x R™™ x N, x Sym(R™)
and
ML, G, H) = (GLns1 (Z)\GLns1 (R)/R™) x Sym(R™).

Proof. Note first of all that if I" is a discontinuous group for G/H and H contains the
center of GG, then I is abelian and so is its syndetic hull L. By proposition (3.1), we get
k < n+ 1 where k designates the rank of I'. If k = 2n +1 — s and k& > s then obviously
k > n, which means that either I' is not a discontinuous group for G/H or I' is not
abelian. So, if £ > s and 2n 4+ 1 — s = k then the parameters space is empty.

Assume now that k£ < s and 2n + 1 — s = k then the set [;(2n + 1, k) is reduced to the
element o = (s +1,...,2n + 1). Using Theorem (3.3), we get:

T(I',G,H) = GLi(R) x 7.
To conclude we just have to prove that
Von = Mpg(R)* x Sym(R?) x Sp(p,R)/Sp(p —,R).

Having fixed an adapted basis %y = {Z, X; ..., X,,,Y1,...,Y,} of g adapted to b, we
consider the vector subspaces,

"

V1/:<X1"">Xp>’ ‘/1 :<Yv1>--'vY1-J>a

‘/0:<Xp+17"'7Xp+q>7 N0:<Y;7+17"‘7}/p+q>7
Ny = (Xpigit,-- -, Xn) and N, = Yorgit, .., Vo).
So we have the following decompositions
(13) g=3eVieV,eVyeNyeN;eN, and h=j3aV el &V

Any matrix M € ¥, can be written as
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0 0 0\ 3
Ay Ay Ay | V)
By By By | V
M= C C Gy | W

I 0 0] N
o I 0] N
o 0 I/ N/

where Al; Bl € Mp,q(R)a Cl € quq(R), AQ,Ag,BQ, Bg € Mp,r(R) and CQ, 03 S Mqﬂ«(R),
for r = n — p — q. The matrix of b is

00 0 0 0 0 O
00 -0 0 0 O
07 0 0 0 0 O
Hb=100 0 0 —-I 0 O
00 0 I 0 0 O
00 0 0 0 0 —I
00 0 0 0 I O

and the condition *M J,M = 0 is equivalent to the following system:

'BiA; —'A1 B+ C, —'Cy 'BiAy —'A1By +Cy 'BiA3 —'A1Bs + C;
tBQAl - tAQBl — tCQ tBQAQ - tAQBQ tBQAg — tAQBg -1 =0.
tBSAl - tAgBl - th thAQ - tAgBQ -+ 1 thAg — tAng

This is in turn equivalent to
1
Cy="A1By —'B1Ay, O3 ="ABs — "B A3, C} = §(tAlBl —'Bi4,) + D

and

14) {ByAy —'AyBy 'ByAs—'ABy\ [ 0 I
thAg—tAng thAg—tAng a —I 0 ’

where D € Sym(R?) and Ay, By € M, ,(R). Let

Y = ( iz ﬁi ) € My, (R)
and
T = ( S ) € Moy om(R).
Then, the condition (14) can be written as 'Y.J,Y = J, and for
U={Y € My,5.(R), 'YIY = J,}

we easily see that
V! 2 M, ,(R)* x Sym(R?) x U.

To conclude, we finally prove the following lemma:
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Lemma 3.12. U = Sp(p,R)/Sp(p — r, R).

Proof. Note first that the symplectic group Sp(p,R) acts on U by multiplication on the
left and its action is transitive. The matrix

I, 0
0 0
0 I
0 0
belongs to U and with a direct verification, we get

0 0 0

B A B
Stab(Y) = { P = 0 ,(C D)GSp(p—r) = Sp(p — ).
D

oo o~
Qo
o~ o

O

We pay attention finally to the case where H does not meet Z(G), the center of G. As
we are dealing with compact Clifford-Klein forms, we are obviously submitted to write
that s + k = 2n + 1, which entails that I,,1(2n + 1,k) is empty and I!(2n + 1,k) is
merely reduced to the single element oy = (1,5 + 2,...,2n+ 1). As it stands here, the
subgroups H and I' are abelian, and we get by proposition (3.1) that dimbh = n and
rank I' = n 4+ 1. Then Theorem (3.7) enables us to write that,

T(T, G, H) = GLyy (R) /R x %,

Now every matrix M in 7, can be written as

1 0
M=|0 A
0 I,

for some A € M, (R). The relation "M J,M = 0 is then equivalent to A — A = 0 and the
result follows from Lemma (3.8).
U

A straight consequence of the last theorem, is the following:

Corollary 3.13. Let G be the Heisenberg Lie group, H a connected Lie subgroup of
G and T' an abelian discontinuous subgroup of G for G/H. Assume in addition that
the Clifford-Klein form I'\G/H is compact. Then the deformation space T(I',G,H) is

endowed with a structure of a differential manifold.

3.5. The rigidity, local rigidity and stability. We study now the topological fea-
tures of the deformation space in our setting, namely the rigidity, local rigidity and the
topological stability. We point out here that we will get as in [10] an example for which
the stability holds globally but the rigidity fails to be true. More precisely, we prove the
following;:
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Theorem 3.14. Let G be the Heisenberg Lie group, H a connected Lie subgroup of G
and I' an abelian discontinuous subgroup of G for G/H. Then R(I',G, H) is an open set
in Hom([', G). That is, every element of R(I',G, H) is stable. In addition there is no
isolated point in the deformation space. Actually the rigidity, the local rigidity properties
fail to hold for every element in R(I',G, H).

Proof. Under the assumption that H contains the center of G which coincides with the
first derivative group [G, G], we get thanks to Theorem (2.4) that the parameter space
R(I',G, H) is open in Hom([, g) and there is no open isolated point inside the deformation
space 7(I', G, H). We now remove the assumption that H contains the center of G. In
this context, by lemma (3.5) we can see that the parameter space

R(,G,H) = Ry(T,G, H) U Ry(T, G, H).

By lemma (3.6) we see that Ry(I',;G,H) is an open set in Hom([,g). Furthermore
Ry(I',G,H) = R(I',G, K) where K = HZ(G), which also open in Hom(l, g). Let [¢]
be an open point in 7 (I';G, H). By Theorem (3.7) there exists a in [4(2n + 1,k) or
a € I}(2n+ 1, k) such that [¢)] € 7,. In both cases, 7, is homeomorphic to a topological
space without isolated points. These arguments conclusively lead to the fact that the
rigidity fails to hold globally as well. [

4. EXAMPLES

To end the paper, we present in this section some enriching examples for which we carry
out explicit computations of some chosen layers 7, and M, involved in the description
of the deformation and moduli space as we did in the case of compact Clifford-Klein
forms where only one single strate occurs. We precise that our computations take into
account the precise basis of g adapted to h and utterly rely on the position of § inside
g. All the matrices considered in the following examples are written in a basis %y of g
adapted to b.

Example 1. We Assume in this first example that h does not contain the center of g
and we write accordingly to the notations of proposition (3.1) that dim h = s. Take for
instance k = s+ 1 and « = (1,8 4+ 2,...,2s 4+ 1). Then any M € ¥, can be written as

=

I
OO OO ==
(@ s Pl e
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where A € My(R), B,C € M,_; s(R). The matrix J, of the bilinear form b is then given
by

0 0 O 0 0

00 —I, O 0
=101, O 0 0

0 0 O 0 -1,

00 0 I 0

By a routine computation, we can easily see that the condition ‘M J,M = 0 gives rise to
the following equation
A+ A-"'BC+'CB=0.
So A= —1(~'BC +'CB)+ D, for some D € Sym(R*) and we finally get that
T, = GLy(R)/R*' x M?_, (R) x Sym(R®)
~ Op, x RF x Ny x M?_, (R) x Sym(R®)

and

My = GLL(Z)\GL(R)/R¥ x M?__ (R) x Sym(R?).

n—s,s

We assume henceforth that f contains the center of g and therefore dimbh =1+ 2p+gq
according to the notations of proposition (3.1).

Example 2. Take for instance p+q¢+k=nand a=(1+2p+2¢+k+1,...,2n+1).
Let M € 7. Then

where Ay, Ay € M, ;(R), A, Ay € M, (R) and A5 € M (R). The matrix of the bilinear
form b is

00 0 0 0 0 0
00 =, 0 0 0 0
0, 0 0 0 0 0

Jh=|00 0 0 -, 0 0
00 0 I, 0 0 0
00 0 0 0 0 —I
00 0 0 0 I, 0

So the condition *M.J,M = 0 is equivalent to the equation
—tA Ay + P AR Ay — TAZ AL+ T ALAs + As — TAs = 0.
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Therefore, for Ay, Ay € M, ,(R), A, Ay € M, ,(R) we can take
1
A5 = —5(—143142 + tA2A1 - tA3A4 + tA4A3) + D7 Wlth D € Sym(Rk)

and then
To =2 GLL(R) x M, x(R)? x M, ,(R)? x Sym(RF).

Example 3. We still take p+g+k = n and consider a = (2p+2q+2,...,2p+2q+k+1)
and let M € 7. Then

where Ay, Ay € M, ;(R), A, Ay € M, (R) and A5 € My (R). Then the same calculation
as in the first example gives

To =2 GLy(R) x M, (R)? x M, 1(R)? x Sym(RF).

Example 4. Assume now that k = ¢ and take « = (2p+q+2,...,2p+2¢+ 1) and let
M € 7. Then

where Ay, Ay € M, ,(R), A3 € M,(R) and A5, Ag € M, ,(R) with r =n —p —¢. So the
condition ‘M J,M = 0 is equivalent to the equation

—tA Ay + T AR AL —TAg + Az — TA5Ag + T AgAs = 0.
Then as above we have
Ay = —%(—tAlAg +TAgA] —TA5Ag +"AgAs) + D, with D € Sym(RY).
We get then that
To &2 GL,(R) x M, ,(R)?* x M, ,(R)* x Sym(R?).

Example 5. Assume finally that £ = ¢ + r where p + ¢ +r = n and take a =
(2p+q+2,....,2p+2¢+r+1). For M € ¥, we have
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0 O
A By
AQ BQ
M = AB B3 )
I, 0
0 I
Ay By

where Ay, Ay € M, ,(R), By,By € M, (R), A3 € M,(R), B; € M,,(R), Ay € M, ,(R)
and B, € M, (R). Then

—tAL Ay + A A —TAs + Ay —"A1By + Ay By + By 4" Ay
—'B1As +'ByA) —'By— Ay —'BiBs+'ByBy+'By— By )’

Then the condition ‘M J,M = 0 is equivalent to

"M J,M = (

Ag %(—tAlAQ + tAQAl) + l)7 D e Sym(Rq)
B, = —E(tBlBg —'ByBy)+ D', D' e Sym(R")
—A4 = th + tBlAQ — tBQAl.

We obtain therefore that:

To = GLy(R) x M, ,(R)?* x M, ,.(R)* x M,,.(R) x Sym(R?) x Sym(R").
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